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PREFACE

THIS book aims to give a working knowledge of
elementary algebra. It supposes in the pupil such
knowledge of arithmetic as is usually obtained before
entrance to the highest grade in the grammar school.
It introduces multiplication immediately after addition,
and teaches factoring while teaching multiplication.
" It insures by this arrangement a saving of time, accu-
racy in the use of signs, and an early familiarity with
the structure of those expressions which form the staple
of algebra. It treats the equation as derived from
the problem. It leads to the problem by exercises in
expression and in forming equalities. It helps the
pupil to become familiar with problems of the ordinary
types by means of exercises in their construction. Its
purpose throughout is to tell the pupil little that he
can see, and to help him to see by employing well-
directed questions. It is a teaching book, useful to
any beginner. '
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SUGGESTIONS TO TEACHERS

THE BEGINNER'S ALGEBRA indicates the middle
course between developing the subject without a text-
book and using a text-book that leaves nothing to be
discovered. The pupil is given only so much informa-
tion as is needed in making a beginning; he is then
given an example to study. His attention is directed
and held by tests. These tests are the pupil’s lesson,
which he is to prepare if possible without aid. No
explanation should be given until the pupil has asked
a definite question, and has shown that he has done for
himself all that he can do.

A part of each recitation period might be devoted to
individual needs, but the pupil should go to the teacher
to state his difficulties. The conference will strengthen
the impression which the teacher wishes to make that
the lesson is for each pupil a personal interest; further,
the teacher will avoid answering questions before the
class, and thereby encouraging the inert to wait for
what will be brought to them.

The class work should be so conducted that there
will be the least possible temptation for one pupil to
offer the results of another’s study. For the recitations

vii



viii Suggestions to Teachers

new examples and similar or other appropriate ques-
tions should follow the tests of the book.

When the exercises set for him have been done, the
pupil should write the method. The superfluous or
the inadequate.in his expressions should be. indicated,
but he should make the correction. Several of the
best of the rules and the axioms which are handed in
should be put upon the board, and their excellences in
clearness, conciseness, and orderly arrangement should
be pointed out.

The exercises of school algebra involve chiefly num-
bers which are powers or are products easily factored.
The beginner should be drilled in these number forms
with the'care bestowed upon declensions and conjuga-
tions in language. They are the current expressions
of algebra. They should be recognized at sight, re-
solved without hesitation, and their possibilities in
ordinary combinations should be known as well. This
is the work of multiplication; of multiplication not
confined to the process of multiplying, but devoted to
the structure and relations of the polynomials in most
frequent use.

Throughout the chapter on multiplication there
should be review with every exercise; every lesson
should be cumulative. The pupils who do not easily
recognize and use the numbers taught in the past
lessons would profit by being appointed to select ex-
ercises for the reviews. The indifferent pupil might




Suggestions to Teachers ix

be moved by having pointed out to him in the exer-
cises of the following fifty pages the frequent recur-
rence of the number forms which he should learn in
Chapter III.

But what is not effected by msplratlon must be ac-
complished by drill. No pupil should be allowed to
do with his pencil one exercise after another, and then
to drop all interest in each with the waste pape1 upon
which he has done his work.

Numbers and their products, numbers and their
powers, should often be repeated aloud. While many
pupils recall what they have seen, others more readily
recall what t';hey have heard and have repeated.

Quickness of perception in dealing with monomials,
such as Exercise 82 requires, can be cultivated before
division is reached. The pupils who most need the
advantage that may be derived from preparing the
exercises should place as many as are needed upon
the blackboard for several successive recitations.

Although the pupil is to be encouraged in that vis-
ualizing which aids his conception of the problem before
him, in solving the problem he should keep in mind
that the notation is the expression of numbers, the
equation is the equality of numbers, the result is a
number, and that all his written expressions should
be accurate statements consistent with these facts.

The pupil must be made to acquire correct habits of
thought and expression in the beginning. If possible
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he should be convinced that thought and expression
react upon each other, and that confused thought may
be the penalty for heedless, obscure, and ill-arranged
solutions.

In giving free play to the pupil’s powers of observa-
tion and reflection, in strengthening his self-reliance,
in holding him to accuracy and promptness, the disci-
plinary value of the study of algebra is conserved for
him by both text-book and teacher. But it is by his
own effort that he acquires the best and most endur-
ing knowledge and skill.

With every new text-book there is the probability
that it will reach some one inexperienced who will be
interested to look at the task of teaching the subject
a8 it is seen from another’s point of view; hence these
suggestions.

CLARIBEL GERRISH.

JuxE, 1902,




ALGEBRA

I. Definitions. Notation

1. In Algebrs, numbers are represented by figures,
by letters, or by combinations of letters and figures.

2 A number represented wholly or in part by letters
is called a lLiteral number ; as, acn, 5ed, 2d + 3e.

3. If a, ¢, and n represent the digits of a number, the
number is written 100 @ + 10 ¢ + n, and acn is the prod-
uct of its digits.

The number 356 may be written in the same form,
300 + 50 + 6, but the product of the digits is indicated
by the signs of multiplication; as, 8 x 5 x 6 or 8.5 -6.

4. Qoefficient. If a number is resolved into two
factors, and one factor is used to show how many
times the other is taken, it is called the coefficient; as,
in 2ame, 2 may be the coefficient of amz, or 2 am may
be the coefficient of z. The coefficient 1 is omitted.

5. Terms. The parts of a number which are pre-

ceded by the signs 4 or — are called terms.
B 1



2 Algebra

6. A number of one term is a monomial; of more
than one term, a polynomial. A polynomial of two
terms is a binomial; of three terms, a trinomial.

7. Symbols of Quality. .Besides being signs of oper-
ation, the signs + and — are symbols of quality, and they
indicate opposite states or directions. If gain is plus,
loss is minus; if deposit is plus, withdrawal is minus;
if one direction is plus, the opposite is minus.

8. A number having the sign + is a positive number ;
one having the sign — is a negative number.
The sign + may be omitted at the beginning of a
number; the sign — is never omitted.

9. Exponent. If a literal number has several factors
of the same kind, the factors are collected by the use of
a figure or a letter called the ezponent, which shows how
many there are; as, aaaabbe is written atb%, and it is
read, a fourth power, b second power, ¢ first power.
The exponent 1 is omitted.

dt=axaxaxa butda=a+a+a+a.

10. Similar Numbers,. When numbers have the same
literal factors of the same power, the numbers are simi-
lar. 4a%c, 54a%c, and — a?bc® are similar monomials,
or terms.

11. Intern. An enclosed algebraic number is an
intern’. The enclosing marks are the curves (), the
brackets [ ], and the braces {}. The vinculum is used
for a similar purpose.
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TEST A
Given 4a%c — 8am* +dx — 1

1. How many terms has the given number ? (§ 5)

2. What is the greatest number of literal factors in any
given term ? Write the literal prime factors of each term.
How many ? What is the sum of the exponents in each
term? (§9)

3. How many times is b used as a factor? (§ 9)
4. Why has 4 a%c no sign? (§ 8)
5. Why has ¢ no exponent? (§ 9)

6. What kind of number is each of the first three
terms? (§ 2)
7. Of what kind is the last term considered without its
sign? Considered with reference to its sign? (§ 8)
8. How many times is dz taken? am*? (§ 4)
9. If these four terms represent the results of trade,
which indicate loss? (§ 7)
10. Make a number of z, y, and 2 used as factors.
11. Make a number of z, y, and 2 used as digits of the
- number. (§ 3) .
12. If a=5 and n =6, what is the numerical value of
an? Of na? Of 10a+2? Of 10n+a?

13. Does a change in the order of factors in a literal
number change the value of the number ?

14. Does a change in the order of digits in a literal
number change the number? Suppose, in Ex. 11, that
z =1y, and .write two forms of the number.
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15. Transform a®’, athc’, and ab®?® into similar terms by
a different use of the exponents 1, 2, 3. How many sets of
similar terms can be made? (§ 10)

16. Is abc a product? Isita power? Is aad a power?
Is bbb a power? Isca power? Isc a product?

17. Write in order the prime factors of 5%*d, 2'a%, and
3*mp.

18. What is the absolute, or unit value, of —9a? Of
+9a? What is the quality of each? (§ 7)

19. If a man says that his thermometer stands at +9°, and
that his day’s trade has left him — $ 5, what does he mean ?
Express the opposites of these statements.

20. How many terms in 4a’bc+3am* x de+7? (§ b)

21. What is the meaning of the word coefficient? Of
the word polynomial, or multinomial? Of vinculum ?

Noze. — If two or more interns are written without intervening
gign, their product is indicated : (a + 2)(¢d — b).

The enclosing of several terms of a number is called grouping
zerms.

If 3a + (cd — b) is formed from 8 a + ¢d — b, (cd — b) is a group
intern ; but (cd — b), a factor of (a + 2)(cd — b), is a number not
considered with reference to its terms.

In (c¢d — b)3, the number is enclosed as the base of a power, and
not as a group of terms.

The given illustrations include the positive intern only ; the negative
intern is considered in §§ 26 and 29.

The name ‘‘intern® indicates the condition of the number, and
the name of its marks should not be associated with it, unless refer-
ence to marks is necessary in order to distinguish several interns, one
included in another. The expressions, ‘‘ enclose the number,’ ¢ the
factor enclosed,” etc., need no allusion to the enclosing marks.




II. Addition

12. In the following algebraic series of numbers, the
negative numbers, beginning at zero, decrease by one to
the left :

oo —59 —4$ -‘3, —23 “'1’ 09 +1, +2’ +3, +4, +59 sete

As the negative numbers increase numerically, they
decrease algebraically; — 8 is greater than — 4.

TEST B

1. Name two numbers in the given series, opposite in
quality, that added would give 0; two that would give + 2;
two that would give — 3.

2. How many of the negative units in — 7 added to the
positive units in +4 will give 0? How many negative
units are there in excess of the positive? What then is
the algebraic sum of —7 and +47?

3. How many dollars in + $4 and — $4? In +$4
and —$2? In —$5 and +$27?

4. How many shillings in +7s. and +4s.? In —7s.
and —48.? In 4 7s and —4s.?

5. In 155 4 (—11b) + (— 2d), which signs are signs of
operation ? Which are signs of quality ? What is the sum
of the three numbers? What would be their sum if the
signs of quality were changed ?

5]



6. | Algebra

6. How many times is a + b taken in
8(a+d)—2(a+bd)—(a+d)?
7. When are interns dissimilar? Are (a + b)% a + 9,
2[a+0b)], {a+ b} dissimilar ?
8. Separate 4 a®n’ into three positive terms.
9. Separate — 11 2™z into four negative terms.

10. Write four terms, two positive and two negative,
whose sum is — 11 2%z

11. If a boy playing marbles should, at different times,
(1) gain 5 marbles and have 3 given him; (2) lose 2 and
give away 4; (3) gain 3 and lose 3; (4) gain 5 and lose 3;
(5) gain 1 and lose 4, what numbers with appropriate signs
would represent the five results ?

12. Add mentally the following numbers in their given
order : '

1) 2-4+1-3 @ 3-1+5-3

@) 2—T—1+4 () 5-1-2+3
(6) —=3+9—T+1 6) 10—1+1—3

(M) 3—442-5+2-3+4+7—-5-1
(8)11—9+8—-134+12—7 .
) 2017 —15+124+19 —14 —18 +13 — 11 4+ 16

EXERCISE 1
Arrange similar terms in columns, and find their sum:
1. —32, —3y, —32, 2y, 2, x, 22, 2z, y.
2. Tat, —22 32 92, —3uzy, 4y, —5y, —2y,
—22 5y —y, —y, 4oy, — .
8. 4az, 6ab, —3ax, 2a%, bax, — a®, 11 a®, — 3 ab,
b6ab, —9a®, ax, ab, 3ax, — 2ab, 27.
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Find the sum of the given polynomials. For convenience
begin at the left.

4. + ©*— 322+1 5. 3d—Tc+5b+4=

—424+ £-9 5d+2c¢c— b -3y
+22*— 248 - d— ¢—2b— =z
—3224+1022—-1 —3d+4c+3b + ¥

8. =3+ a'—¢& 7. — (a+b)— Tzy+ 5(m+n)

- 9¥43a  +¢ 4(a+d)y’+ =xy+15(m+n)
—T¥+4+4a® —c —3(a+b)'+112y+ 2(m+n)
¥+ at

8. 3a(m+n)—bec(x—y)*+Tn(a—0b)
—4a(m+ny+2c(@—y)—5n(a—>b)
Za(m+n)?—3c(x—yP— n(a—2>)

9. Write the method of finding the sum of polynomials,
beginning with the arrangement of terms.

10. Add Tz—b5y+42, 2+2y—112,3z+y+ 52 and
bx—4y—z

11. Add 6m —13n+4+5p, 8m +n —9p, m —n — p, and
m+42n+45p.

12. Add 3zy+2zy' — 2% + 3wz, yz — I’ + 22 — 2y,
and y%* — 3zy’ — 3y%t

13. Add 3az+5bx+7cx, —2b2—3 cx—az, 10 az—11 cx
—12bz, and — cx 4+ 4ax + 12 bz.

14. Add a—1, —a*+4-a, 6—44d’ 6a*—Ta, 3a’*4+2a—5.

15. Add am + bn —cp, am + bn + 3¢cp, 3cm — cp — bn,
and —2bn —2am — 4 cp.
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16. Add 3(a’+b") +4(2*—y%), — 6(a*—y*) — 4 (a® + D%,
— (@ + b)) + (& — ¥, 2(a* +b°) —2(=*— ¥*), and (a*+b%)
+ 3@ — 9.

17. Add (e +d)z—4a(z+y)—by+a(z+y)—3by
+2@+ b+ @+bd)z—2a(+y)+2by—T(a+ )=
—ba(@+y)+9by— (@a+b)z+9a(z+y) —3by. Add
mentally. How many times 2? (x+y)? by?

18. Add a*+4+4a® +6a’*+4ab*4b* and 6 a4 b
—4ab*—4a’h+a'. Add mentally. What opposites occur?
How many times a*, b%, and a®? in the result ?

19. Add without copying: 32*—5#*+6247, 22°*—92—8,
—22430*4+42, 322 —2*—9x, — -2 —x+ 4.

20. Add without copying: —2b°+3ab'+a®, 58°+ 84’
—ab®+4+5a’ —3a’ ab®*+9a’ — 2a’

21. Add #4222 —42*— 62 2244 42° — 82" — 124,
and — 32 —62° 4 12z 4 18. '

22. Add a%'—22%’ 4 3zyt — ¥, — 32ty + 627y — 92y’
+ 3y, and 2 — 22ty + 3%y — 2BP

23. Add7a®*—3ab+a,3a®>—0*+3a—b, —2a*+4ab
+56b0—a—2b4a*+40*—2a,and —Tab—b*+9a—5b.

24. Add 5z — 102+ 20 2%, — 11 29 + 9a™y® 4 Sy,
— T2 — 16 2% 4 324, and 6 xy® + 8 2% — 4 o™ — 8ty

25. Adda*+a*—2a’+a?, —a*—~a®*+ 2a® —aq, and 2a®
+2a*—4a+2




III. Multiplication

13. In multiplication the multiplicand is taken as
many times as there are units in the multiplier.

If the multiplier is positive, the product has the
quality (§ 7) of the multiplicand; if the multiplier is
negative, the quality of the product is the opposite of
the quality of the multiplicand. Thus:

+6 x(+2)=+12 +8x(—4)=—82

—Tx(+8)=-21 —9x(—5)=+145

@) +ax(+d)=+ab @) +ax(—b0)=—ab

2 —ax(+b)=—ab @ —ax(—b=+ab
TEST C

1. In example (2) what is the quality of the multipli-
cand ? Of the product ?

2. In example (3) what is the quality of the multipli-
cand ? Of the product ?

3. How many times is the multiplicand taken in each
of the four literal products?

4. When should the product have the same sign that
the multiplicand has ? .

5. When should the product have a sign the opposite
of the sign of the multiplicand ?
9
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8. What is indicated by a negative multiplier besides
the number of times the multiplicand is to be taken ?

7. Introduce the factor + ¢ into each of the four exam-
ples. Is there any change in the quality of the products ?
) axbx(—c)=—abc @ ax(=b)x(—c)=+abc
(6) —axbx(—c)=+abc B) —ax(—d)x(—c)=—abe

8. What is the sign of the product when there is one

negative factor? When there are two negative factors?
When there are three negative factors ?

9. Introduce the factor —d into example (8). How
does the product obtained agree with the product in ex-
ample (6)?

10. In examples (5) and (8), what is apparently the law
in regard to the number of negative factors that will pro-
duce a negative product ? )

- 11. In examples (6) and (7) and (—a)(—b)(—c) x (—d),
what is apparently the law in regard to the number of nega-
tive factors that will produce a positive product ?

14. The product of two or more numbers is the
product of the prime factors of those numbers.
- A prime literal factor occurs in the product as many
times as it occurs in both multiplicand and multiplier.
Thus:

aaa X aa = aaaaa.

But aaa may be written a®, aa may be written a? and
aaaaa may be written ab. (§9)

Hence, a3 x a? = a®; that is, the exponent of a in
the product is the sum of the exponents of a in the
multiplicand and multiplier.
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EXAMPLES

1. ¢*xa =a* or a* 4. (—3b)(—4b0H=120
2. ab x a*=a'*®b or a® 5. (—a%)(—30b%) =3a%

3. —bax2a=—-10a’ 6. a’bc® x (— bc)=— a®’*

‘. (a+x)x2 = 2a+42z

8. (c—d)yx—1 =—c+d

9. (@®*+b)xad = a%b+abt

10. (c—a)xce = cr—cd

1. ac@b—cd) = a%c—acd

12. —2@z—y) =—22+a

13. —2a(b*—a) =—2ab’+2d’

14. 3(m—n)(—n) =—3mn+3n’

15. —z(@—y)x 2y=—2a%y +2ay*
EXERCISE 2

Multiply:

1. +a by @ 10. —5ab by —3ab.
2. 4+ by b 11. +42% by 7axy.
3. +c byt 12. —7a% by 2ab®
4. —d® by a’. 13. +8uzy® by —3ayz.
5. —a* by —a' 14. —T2%® by — o™~
8. +a by —a 15. —a’*x by 11a°.
7. +ab® by — a®. 16. —3a%®’ by — be.
8. —ac® by —3ab. 17. — abx by — aby.
9. +2ab by a'l 18. —5ay® by 2a’2%.

19. 8ab*(—3a®)(—3ab) =?
20. — 7 ab*(— ba%)(—abe) =?
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TEST D

1. In multiplying one monomial by another, what law
of signs is observed? In what order are letters written ?
In what way is shown the number of times a letter occurs
as a factor in both multiplicand and multiplier ?

2. If —a is used as a factor 3, 5, 7, or 9 times, what
sign will the resulting power have? If —a is used 2, 4, 6,
or 8 times ?

8. Give three forms of multiplicand and multiplier that
will produce + b°

4. Give three groups of three factors each that will pro-
duce — a®*.

5. Resolve —48 into its prime factors, and state how
many of them may have been negative, and how many must
have been negative, to produce the number.

6. In the product + a® how many negative factors are
possible ?

7. What factors of 36 added give —15? What factors
of —9added give0? Of +-9give —6? Of 4+9give —10?
Of +9 give +10? )

8. What negative factor was repeated to produce the
following powers: a®, —m®, —27, ¢4, &%, —of, — (acd)’
—(a+b), (a+0b)*?

9. What is true of the exponents of the above positive
powers, and of the exponents of the negative powers ? If
all term signs were changed, would question 8 be appro-
priate? Are —a® —¢!, —b® powers? Are +mb + 27,
+ o’ powers ?

10. Does 2* x 3*=(2 x 3)*? Does (5 x6)*=5°x62? Does
(@:c-dp=at-ct-a*? :
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11. Does 2*x3*=(2x3)*? Does (a-c-d)*=a"™.c"-d"?

12. If a®x a®=a**? does a™ x a* =a™t"? Does a® X a* =
a*?

13. By what was a® multiplied to make a®*? By what
was a* multiplied to make a® ?

14. By what was p + ¢ multiplied to make p* 4 pg ?
15. By what was a — bc multiplied to make — a® 4 a%hc ?
16. By what was a™ + ™ multiplied to make a™+*+ a%™?

17. Does —3 equal —1 x3? Does — 3 equal (—1) +
(—1)+(—1)? What does (—1)® equal ?

18. If m=1, n=2, and a =3, what does a™** equal ?
What does a™ x a™ equal? What does a™ x a* x a™*!
equal ?

(a) ®
15. a+bd a—>b
a+b a—2>b
a®+ ab a—ad
+ ab + 52 —ab+ 52
a4+ 2ab+ 82 a?—2ab+ 53

1. In' examples (a) and (b) what is the object in the
arrangement of the partial products ?

2. What is a polynomial of two terms? Of three
terms ?

8. If a—b is multiplied by a —b, what name other
than product is given to the result ?

4. What is meant by the expression “trinomial square” ?
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5. If a monomial is multiplied by a monomial, how
many terms are there in the product? What number
multiplied by the same number will produce a binomial ?
Is 4 2% a second power? Is a’+4b*? Is a’+2ab+4b*?

6. Is p*+2pq+ ¢* the square of p+¢? (Study ex-
amples () and (b), and learn how each term of a trinomial
square is produced.)

=
[ —d

® ® e oAk ® D

EXERCISE 3
Find the indicated products and second powers :
G- —d 12. (z—2)(z—2)
(m + 3) (m + 3) 18. (am + 3)(am + 3)
(€4 5)(c+5) 1. (ab -+ od) (ab + od)
1-a)1—a) 15. (z—y)*
=+2)(x+2) 18. (m + n)?
@z+y)2x+y) 17. (c—2)!
6-3)(5-3) 18. (3 —2)!
Ba+2b)Ba+20) 19. (a+d)?
(n—a)(n—a) 20. (10a+n)?
(3+3)(s+3) 21. (10 + a)?
. (k+0)(k+0)
EXERCISE 4

Enclose each of the binomial factors that produce the
following trinomials:

1.
2.

3
4.
]

m?+ 2 mzx + 2*
¢+ 2cx 4 2?

.at—4a+44

a+4+6a+4+9

.ar—2ab+1

©® ® e

10.

241224 36
1—4z+442

6ab+a*+90*

4 4+9at +12ac
25 a®b* — 10 abe + ¢
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16. Ezample.
a —-b—e¢
a—-b—c¢c
a2 —ab —ac
—ab + 62 + be

— ac + bet 2
—2ab—2ac+ 02+ 2bc+ 2

or, aB+024+c2—2ab— 2ac + 2be.

EXERCISE b5
Multiply, and rearrange the terms of the product:

15

1. @—y+2)(x—y+2) 4. O+I1+0)O+1+k)
2. @—d—c)(a—d—o) 5. (p+9—4)(p+9—4)
3. m+n+c)(m+n+c) 8. b—t—v)(6b—t—0)

TEST E
1. How many terms in the product of
(@—b—c)x(@—b—c)?
How many terms are second powers ?
‘Why are the second powers positive ?
How are the other terms formed ?

e

va.lue of the product ?
8. Give a rule for writing the square of a trinomial.

EXERCISE 8
Write the indicated second powers:
1. (n—a+b) 5. (c+d—3)
2. (p+o0+m) 6. (@P+=z+1)
3. (m—a—=zx)p 7. 1 —a—a%?
4. (a—bd+2) 8. (4o +2)P

. Does changing the order of the terms cha.nge the
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(@) T ® ©
17. a +b z +2 3+n
a —b z —2 8—n
a4 ad 224+22 9438n
— ab — b2 —-2z—-4 —3n—ntd
a?— 52 -4 9 —n?

1. What name not common to the three numbers can be
giventoa+4+b? Toa—b? Toa®—5?
2. How do a — b and a®— b* differ ?

3. Contrast example (a), § 17, with example (a), § 15.
Why is b positive in one result and negative in the other ?

EXERCISE 7
m+mym—m)=? 6 (p'+3)(pt—3)=?
B+cB—c)=2? 7. (bz+cy)(bx—cy)=7?
(@+d(a—d)=? . W+ y—e)="?

(ey +d)(@y—d)="? 9. (nz+4y)(nx—4y)="2?
Br4+my)(Bz—my)=2 10. (@y+1)(@y—1)=?

Lal-aliE ol

EXERCISE 8

Give the product of the sum and the difference of the
following numbers:

1. a and .h 4. 11 andec 7. 2*and 1

2. ac and bd 5. mand b 8. m*and 3

8. m and 2 6. yand5 9. abcand 1
10. 2 and pay 13. (1 —y2) and (t84-1)

11. (a—1) and (b +2) 14. (p—7) and (w+2)
12. (x+¢) and (n —2) 15. (4 + B) and (C + D)
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THE CUBE OF A BINOMIAL
18. (a) Expand (a+ b)?% or multiply
(a+b) X (a+d) x (a+d).
(®) Expand (@ — b)? or multiply
(a—b) x (a—10b) x (@ — D).
(© Expand (c + 2)% or multiply
Cc+2)x(+2)x(c+2).
1. What are the equal factors of 2* + 32°y + 3axy*+3* ?
2. What power of z —y is 2* — 3a% + 3ay* — *?
8. The third power of what binomial is
n*—3n.54+3n.-55—-52

TEST F
1. How many terms in the third power of a binomial ?

2. How many units in the index, or exponent, of this
power ? How does the number of terms compare with
the number of units ?

3. What is the exponent of « in the first term of the
given powers ? Of y in the last term ?

4. What is the numerical coefficient in the second term ?
In the last but one ?

5. What are the term signs in the power of (z+y)?
Of (x—y)?

6. What are the exponents of z and of y in the terms
considered from left to right ?
]
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EXERCISE 9
Write the indicated power without multiplying:
1. (m+n)® 5. -0t 9. (x—3)
2. (c—a) 6. (p+9)* 10. (z—2)°
3. (z—t) 7. 1—a) 11. (2—y)?
4. (d+n)® 8. (y—1) 12. (a+5)®
19. POWERS OF BINOMIALS

(@) (m—n)*=m*—4 m*n + 6 m*n® — 4 mn® + nt,
@) (@—yf = — 52y +10 2y — 10 2% + 5z — o,
(© (a+0b)t=a’+6 a’db+15 a'd*+20 a®s*+15 a®b*4-6 ab®+-b8.

TEST G

1. How does the sum of the exponents in any term com-
pare with the index, examples (a), (b), (¢) ?

2. If the exponent of one letter in a term is known,
how can the exponent of the other letter be found ?

8. What is the sum of the exponents in any term of
the 7th power ? ‘

4. In the 3d and the 5th power, how do the coefficients
of the first half and the last half of the terms compare ?
What difference in this 'respect in the coefficients of the
4th and of the 6th power?

5. In example (b) what must be added to the exponent
of y in any term to give the number of the term, counting
from the left ?

6. What is the number of the term + 21 a%y*?
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7. Can one tell if this term 'belongs to a power of 2+ y
or to a power of z—y? Could one tell from the term which
follows + 21 2% ?

8. What is the sum of the exponents in 4 21 a®*? To
what power of the binomial does + 21 a’y*® belong? What
is the number of the term ? What sign have the odd-num-
ber terms in the 3d, 4th, 5th, and 6th powers, whether the
power of a sum, as a + b, or of a difference, ag z —y ?

9. Given, index 8. How many terms in the power ?
What is the exponent in the first and in the last term ?
What is the sum of the exponents in any term ? What is
the coefficient of the 2d and of the 8th term ?

10. What is true of the 4th term of every power of z —y
from the 3d power to the 100th power ?

11. In the given 4th, 5th, and 6th powers multiply the
coefficient of the second term by the exponent of m, of z,
or of @, in that term, and divide by the number of the term.
With what do the quotients agree? Do the same in the
third term. '

12. If the exponent of p in a term of the 11th power of
»+qis 9, what is the exponent of ¢ in that term ? If the
coefficient of that term is 55, what is the coefficient of the
following term ?

18. If one knows the second coefficient from the begin-
ning, does he know the second from the end ? Is the coeffi-
cient the third from the beginning the same as the third
from the end ? In writing powers of p+ ¢, how many dif-
ferent coefficients must be found for the 7th power? For
the 8th power ?

14. Write rapidly the powers indicated: (a — b)?, (z— ¢)®,
(@a—9)4 (m—n), (c—9)° (a—d)".
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20. (a) a +4 (e b +12
a—38 b+ 4
ad+4da m

—8a—12 + 45+48

a2+a—12 2 4165+ 48
%) z -1 (dn—6
z +2 n —5
A-Tx n—6n

+22—14 — 5n+380

z’—§x—14 n2—11n + 80

TEST H

1. How are the binomials in each of the given examples
alike? How do they differ ?

2. What is the sum of the second terms ? Their product ?

8. Where do the sum and the product of these binomial
terms appear in the trinomial product ?

4. What factors of —12 added give +1? Of —14 added
give —5? Of 4 48 added give +16? Of +30 added give
—-11?

6. If a positive and a negative number are added, and the
sum is negative, which of the numbers added has the greater
.unit value ?

6. What is indicated by the sign of the third term in
examples (c¢) and (d) when considered in connection with
the sign of the second term ?
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EXERCISE 10

‘Write the products of the given binomials, and then multi-
ply the binomials to test the results:

1.

L T o o o o

(m —4) (m —2) 9. (y—10)(y +3)
(c+8)(c—3) 10. 3—-5)(db—3)
G-710®+2 11. (—-11)(+1)
=—9(=+3) 12. 2+2)(z+1)
(a+5)(a—2) 13. (mn + 3) (mn —1)
(a—4)(a—>5) 14. F-2)(#F*-3)
@-2)@-1) 15. (p—4)(p+7)
(bc—5) (e +1)
EXERCISE 11

Find the two unlike binomial factors of the following :

1
2
3
4.
1]
(]

.a4+11a+18 7. a*+Ta—18

.a4+9a+18 8. a®—Ta—18

. a*+19a 418 9. a*4+3a—18

a*—11a 418 10. a’—3a—18

.a2—9a+18 11. a®*4+17a—18

. a'—19a+18 12. a*—17a—18
EXERCISE 12

(ab+4c)(@b—3c)=? 4. (y+1llm)(y+m)="?
(da—bc)y(da+2c)="? 5. *+T7a)(*—6a)="?
(m+3n)(m—2n)="? 6. (w’+5y)(z‘+2y)=?
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EXERCISE 13

Fact;or each of the following numbers:

1.

2
3
4.
1]

2 —29 2y 4 54 9? 6.
. a®—20 abz + 75 b’ 7.
.2 —202y 96y 8.
a? — 26 ab 4 169 b* 9.
. a®—12 abx — 28 b'%? 10.

ad—ay—2y

1-9z2482

¥—-10+9
#—-13 22+ 40
1—-35a + 300 a®

EXERCISE 14. REVIEW

From inspection give the indicated products:

1.

[ N T
o T I

® ® T e o pwD

(@+2)(@—3)
(a+2)(@+2)
@—3)@—3
(@+2)(a—2)
@+ E—y)
G—-a)d+2)
(am — b) (am — 1)
(@ —4)(a+11)
(a + b) (a + b)?
(@—10b)’(a—1b)

. (acd + x) (acd — x)
. B2 +y)Ba'+y)
. (@ + ) (a®*+ b))
©a*+0)(9a*—b)
. (2a*—30%)(2a*— 30

. (m—n)

17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.
31.
32.

(a—1)
A+
w+1)
1-yy
(—y—2)

(az + ay + az)*
(ab + cd)* .
@+ + 27
@+ )@ +¥)
W—-2N(y—-2)
(¢ —15) (z —b)
w—-12)(y-8)
(b—13) (b —13)
(@ +2) (x—14)
@—2y)(z+9)
1-7yA-y9)
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33. (F—9)(@®—1) 44. (a+b)¥a+b)
34. (n*— 8)(n*—b) 45. (n— a)(n— a)’
35. (a'+ ') (a* + b%) 46. (b—3)¥b—3)
86. (a®+ %) (a® + b°) 7. 2+9)@+)
37. (a®+b%)? 48. (a*— b —¢)*
38. (#+ ) (@ — o) 49. (z—2y—32)°
39, (b 425 (n®—oF) 50. (ab’c — a’bc®)?
40. (a®+ %) (a®*— 0% 61. (1 + 2%z) (1 + o%y2)
41. (a +b)*(a+d) 82. (P"+H (-
42. z—y'z—y) 83. (m+§)ém+p
43. (z+a)(z+a) 54. (vy—4) (2y —3)
A (o) P-2y+9y° ®) +ay+y
z+y z —Yy
28 — 22y + zy? 28 + 2%y + zy?
+ 2% — zy+ 4P — Py —zy? — o
?+y 28 — g8

1.

A change of how many signs in example (a) gives

example (b) ?

2.

What change in the product follows ?

EXERCISE 16

Multiply the given numbers:

1.

Bl ol o o

3F—3z+2*by3+=
@®—22+2 byz+2

m? 4+ mn + n? by m —n
m? — mn + n* by m +n
c+c+1 byc—1 Z24+2x+2 by z—2
d—c+1 byc+1 o+ +y by 2 — 3P
3F+3zx4+2 by3—= 10, o — 2P+t by 2+ ¢

©® 2o
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EXERCISE 16

Give a binomial and a trinomial factor of each of the fol-
lowing binomials :

1. @4+ 11. a®*+8 21. (a')*+ (n")®
2. -2 12. 125 —b¢ 22. (a%)+ (n%)°
3. 342 13. ¥+ ¢ 23. (a%)*— (n")?
4. m'—a@ 14, 8a°—27 24. (%) —(c)*
5. @+ 4° 15. *—8 25. (2% — (nf)®
6. 64—a 16. z° 464 26. b+ m?
7. 27+1ﬁ' 17. b¥*+¢ 27. d*—a®
8. a*—125 18. 2*—512 28. nB 4 24
9. 14 19. 822 —729 29. a'f—c®
10. b*—216 20. 27 a*+ 343 30. o™ 4 o™
22, EXERCISE 17
(a) B—zy+y O @G+ +ay
B+zy+y? (@+y>) -2y
24— aby + 233 @@+ 2t -2y
+aty — 2y’ +ay? A+ 2ty 4 yh— 2y

+ 2l -y 4yt A+ 22y gp
Aoyt y

Give the product of the trinomial factor of the sum and
of the difference of third powers:

1. (m* — mn 4 n®) (m* + mn 4 nf)
2. (E—c+1)(E+c+1)
3. (a®— ab+ V) (a® + ab + )
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(0" —be + ¢) (0 + be + )
(n* — an + a?) (n* + an + a®)
@—-2z+4)@+2x+4)
B*'—32+25)(3+ 32+ 2%
@ -2y +y) (@ + 2y + )
(a* — a%* + b*) (a* + a%* + bY)
10. (m® — m'c* + ¢) (m® + m'c* 4 &)

® ® I eoh

EXERCISE 18
Give two trinomial factors of the following trinomials:
1. d'4dc+ ¢t 5. PP+p'¢+¢
2. &4+8040 8. ¢t +2%*4+2¢
3. w4 w4 ot 7. 34 3% 4o
4. P44+ 8. 44 4%+ at
9. A change of what sign would (so far as has been

observed) make the trinomials of this exercise prime ?
10. Contrast the following trinomials, and state what

has been learned in regard to each:
Q) #+2zy+y° @) 2?+2y+9y
2 #-2ay+y G) & —ay+y
B #'—bay+6y 6) #+2y+y
(M) & -2y +y

11. Contrast the following binomials, also their poly-
nomial factors:

M) ?+BP=@z)@Fab+b) (@) @+)=7

@ @ibP=(@+b)(@+2a+b) () @+b)f=?

() a—b=(a—b)(a*+ab+ab®+¥)  (c) (& +b)*=

@) (a—b)'*=(a—b)(@*—3a%+3ab’—b®) (d) (a+ b)’ =
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23. EXERCISE 19

1. (*+b)(a*—b)="? 5. (a®+ 0% (at- B9 ="?
2. (@+bt)(@—-d)="? 6. (a4 (a®—0)="2?
3. (®+)(a*-)="? 7. (@*4+0®)(a®—-0®)="?
4. (a4 0% (a®—0"%)="? 8. (aM+b*)(a* -t ="?

TEST 1

1. Give the sum and difference factors of the binomial
differences in examples 1, 2, 3, 4.

2. Have the binomial sums in examples 1, 2, 3, 4 been
produced by multiplication so far performed ? Are they
prime ?

8. What is true of all the exponents in the eight
examples ? .

4. Resolve the exponents 2, 4, 8, 16 into their prime
factors; then find the prime factors of 6, 12, 18, 24. How
do the two groups of exponents differ ?

5. Can the binomial sums in the first four examples be
written in any other form than that of sums of even powers ?
In how many ways can a'® + b be written ?

6. What common odd-number factor have the exponents
of the second group? Can the binomial sums in the last-
four examples be written in any form except that of the
sum of even powers ?

EXERCISE 20
From inspection give the indicated products:
1. (a+b)(a*— ab + b’ 4. (a—0b)(a’+ab+bY
2. (a*+ b (a* — a®d* 4 b) 6. (a*—b%)(a*+ a4+ b
3. (a*+ b (a® — a'd* 4 b5) 6. (a'— bY)(a® + a'd' 4 b
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7. (a®— %) (a®— ab + %) (a® + ab + b%)

8. (a*— bY) (a* — a®’ + b*) (a* + a®® + V)

9. (a+0d)(a—0d)(a®—ab+b*)(a®+ab+b?)
10. (a*+b%) (a’—b°) (a*—a’t*+b*) (a®+ab+-b°) (a*—ab +-b°)
11. (a®4 %) (a™ — a®%®+ b¥)
12. (a®— 0% (a" + a®® + %)

24

COMMON FACTORS

Ezample. —85a%8 =—5xT -a?-88-¢

49 a2 = T3.a8.53 . n8
2labbcPn= 8 x7T -.a - -0°-3-n

Tl.a - 8% or T ab?

The first given number has six literal factors; hence
it is of the sixth degree. The degree of a term is found
by adding the exponents of the literal factors only.
T2a%h2n® is of the eighth degree.

The highest common factor of two or more numbers is
the common factor that contains the greatest common
numerical factor and the common literal factor of
the highest degree.

EXERCISE 21

Find the highest common factor:

1.

L

11 2Py, 33 xy®?, 121 o

10 a®? 15 ab’?, 25 a’c®

42 m*%®, 30 m%A, 18 myc

16 a'dc’d®, 8 a’c’d, 12 a?b’c*d?,
b1 2Py, 69 aytst, 42 aty*?
39 ab’c’n, 26 a'bPcx, 52 b°cnat
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EXERCISE 22

Find the common factor or factors:

=0 a0, a’—2ab+ b

a*—4a+4 a'+a—6, a*—4

a®*+ 30+ 3ab®+ b a4+ 0% al— bt
mb — nf, m* 4 2 m*n? 4 nt

9—6z+2% 9—a 27T —2°

dtay+y, -y

Bty B+ 22+ o

a® — b2 at—b% a*—3a%® + 3ab®—-0®

al — b6, of — b8, ot — b, o — b

-8, (c—2)% *—4c+4, —64

. amP+6am+9, a'm?—9, a*m®+ 5am 4 6
.+ A+ 2ad—2ac—2cd, (a+d)—¢
B —=2z24+1 -1, 2 —-32°4+32—1
1y, 1-2y+9,1-3y+3y" -9

TP 4248, T3, TP TT + 24

. 100 — 100 + 25, 100 — 25, 100 — 80 4 16

. 37"".’/" z'—w‘?f""ys

[

® ® ek 0D
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EXERCISE 23

Find the highest common factor:
1. @ —-924+2Tx-27), y*(@*—62+9)
2. a®’?®— 1, a’b® — 2 abc + 1, a’bd’c® + 2 abc— 3
3. 15z(2*—9), 33 2*(x — 3)?
4. a®*+4a+43,a*+2a+1,a*—1
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10.
11.
12.
13.
14.
15.

_16.
17.
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12(* — o), 18 (2 + y)*, 21 (* + 2 2y + %)
r?—r—6,r"4+3x—18

a®(a +7), a*(a® + a — 42), a*(a* — 49)

27 (a® — %), 9(a* + ab + %)

45 (a* + b*), 36 (a® + 2 a'd* + %), 18 (a® — °)
3 a%be(m* —m + 1), 18 ¢! (mP 4 1)*
?+202436, 2 +4c44, 22 —4x—-12
2?4+10x+24, 2* — 2 —20,2*+ 82416
T@—2+4+1),4(x*—1), 14(2*+ 1)
35a’c(a+db—c) bay+5dby—bey
4P tay P —ad 4Pt dax+4ad
16 a® —b*, 8 a® — %, 2 a’bc — ab’c

P+, d -2y + o, P —ay+y

MULTIPLES

25. A number is a multiple of any number which is

its factor.

A number is the common multiple of two

or more numbers, if each of these numbers is its factor.
These factors need not belong to the same group. For
instance, 9 and 6 are factors of 18, but they belong to
different groups of numbers whose product'is 18.

The number 860 is produced by the prime numbers
2.2.2.3.83.5. But there are twenty-two numbers
that, in different groups, will also produce 360 ; hence,
360 is a multiple of each of the twenty-two numbers.

Ezample. 8acdzy =2  aBzy

12atbcz =22.8.atbecz
16 a® cB2%yt = 2¢ ad Ayt

Lowest common multiple = 24 . 3 . a%53c322y*
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In the L. C. M. are found the different prime factors .
of the given numbers, each in its highest power. The
lower powers are included in the highest power. If
o is a factor of a number, a?, a2, and a are also factors
of the number.

While 48 atb8c%2%* is the lowest multiple of the three
numbers when associated, it is not the lowest multiple
of two of them associated.. The lowest multiple of
each alone is itself.

EXERCISE 24

Find the lowest common multiple:

1. 24 2%y%A, 30 a*y*8, 9 2%y, 21 ofy°
b cd? 7 Adx, 21 cd’s® '
?+T7a+12,15(c*+4a+4),a*+6a+8
@?+4a+4,a*+5a+6, (a®—4)?
a?—4a+3,a*+a—2,a*—a—6
a*+a—20,a*—a—30,a’—10a + 24
1-32+32—2% 1—2),1—-22+2°
17 («* 4+ 1), 34 («* — 1), 51(2*+ 1), 68 (2 —1)
15 (a —b), 21 b*(a® — %), 35 % (a + B)
10 (2 — 2 —12), 15 (x — 4), 9(:é+3), 6(z*—9)
. 27(2 — az + @), 3 (2 + ax + o), 81 («* + o'z’ + o)

® ® e TR ®D
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INTERNS

26. An enclosed number, or a group of terms sepa-
rated from other terms by marks of grouping, has the
character and the relations of a single term or a single
factor. It has a sign, + or —, a coefficient, — the
numeral 1 if no other is expressed, —and when no
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exponent is given it has the exponent 1. If the intern
is of the first power, the enclosing marks may be re-
moved by multiplying the number by the coefficient
with its sign.

Thus: 8(a—b)=3a—38b; —(a—d)=—a+5b.

If the intern has a numerical exponent, the number
must be raised to the indicated power before it is mul-
tiplied by the coefficient. Thus:
—8(@—-0)?=—-3(P—2ab+0)=—8a’+6ab—30.

EXERCISE 26
Remove the enclosing marks:
1. —5(m+n)? 7. —111—-8z—y+2)
2. —3a(@—a—1) 8. —1(a*—c—2)
3. +3ab(a®—a’—a) 9. —[—2a+4+3b—4c]
4 +T(a—b) 10. —[—2(@—b—0)]
6. +6(a+d)(a—0) 11. —[ad*—b"—3(x+9)]
6. —1(a®*—4+m) 12. +(—5[a+b1+1)
EXERCISE 26

Multiply, retaining the enclosing marks:

(@) a+b+c by a+b+c=a+b+2a+b-c+ct
®) @E+y+ecby @+y)+e=(@+y)'+2@+y)c+
(© (@+2)+yby (a+2)—y=(a+2) -9
(a+b)+2 by (a+b)—2

q—b—3 ) by a—b+3
(@+b)+(c+d) by (a+d)—(c+d)

z+ (y+2) by (m+_1i‘

a+bdb+c by a—b+c

(a+d) by (a+b)

Lol ol o
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1. —2—y by (z+y)

8. 4+(22—3) by 4—(22—3)
8 (p+9)+r by (p+g)—r
10. 6ac(m*+n®) by 3a'c*(m'—n’)

EXERCISES IN EXPRESSION

27. 1. What is the area of a garden, if its length in
yards is a'+4 a+ 4, and its breadth is a 2 yards?

2. How many cubic inches in a solid, if each of its
dimensions is 2 — b inches ? ‘

3. How many cubic inches in a solid, if its upper sur-
face contains a®— ab+ b* square inches, and its height is
a + b inches ?

4. A boy has z+ b marbles, another boy has z —b mar-
bles, and together they have 30 marbles. What number
does x represent ?

5. A boy walks from his house 50 rods towards the east,
then turns and walks 60 rods in the opposite direction.
How far east of the house is he?

6. A girl is 14 years old; her sister is —3 years older.
How old is the sister ? i

7. If steam will raise the temperature of a room (5 ab)°,
and incoming air will reduce the temperature (9ab)° in
the same time, what will be the result ?

8. A given number is 100a +10b+4c. Represent an-
other number of the same digits in reverse order.

9. If x represents the number of minute spaces the hour
hand of a watch passes over in one hour, what will represent
the number of minute spaces the minute hand will pass over
in the same time ? '
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10. The minute hand of a watch passes over ab spaces in
a certain time; how many spaces will the hour hand pass
over in the same time ?

11. The length of a room is ¢ feet; the breadth is 3 feet
less. What is the area of the ceiling in square feet ?

12. Another room is 2 feet less in length than the one
spoken of in Ex. 11, and it is 7 feet broader. What is the
area of the floor ?

13. The first of three horses cost.4 b dollars; the second,
three times as many dollars; the third, three times as
many dollars as the second cost. What was the cost of
the three horses ?

14. A merchant bought three pieces of cloth at the rates
of 7 yards for $5, 6 yards for $ 3, and 11 yards for $ 9.
Represent the cost of # yards of the first piece, y yards of
the second piece, and z yards of the third piece.

15. A freight train and an express train start at the same
time from the same station. The rate of the freight train
is 20 miles an hour; the rate of the express train is 50
miles an hour. How far apart will they be in z 4 y hours,
if they move in the same direction ?

16. What is the'length of a post, if = feet in the mud,
and y feet in the water are two-thirds of its length ?

17. A man can do a piece of work in # days. How much
of it can he do in one day ? If the piece of work is making
six pairs of shoes, how many pairs can he make in one day ?

18. A and B start at the same time from two towns, and
travel at the rates of a miles and b miles an hour. They
meet in 2 — 5 hours. What is the distance from one town
to the other ?

D
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19. A regiment is drawn up in solid square with z men
on a side. How many men in the regiment? Later, in the
same regiment, there are but # — 5 men on a side of the solid
square. How. many mepn remain ?

20. If three numbers are consecutive, what is the differ-
ence between the first and the second ? If the first number
is #, what will represent each of the others? If the third
number is z, what is the first ?

21. A cistern holds a gallons. In one hour one pipe
pours in one-third of a gallons; a second pipe pours in one-
fourth of a gallons; a third, one-sixth of a gallons. What
number of gallons will all the pipes together pour in, in one
hour? In 5% hours? If there was a fourth pipe, what
part should it fill in order that the cistern might be filled
in one hour ?

22. A fox is pursued by a dog. Two leaps of the dog
equal 3 leaps of the fox. There are a feet in one leap of
the fox. How many feet are there in 3 leaps of the fox ?
In 2 leaps of the dog? In one leap of the dog ?

23. A man went around the banks of a rice field n times.
He shot br rice birds. What was the average number of
birds for each time he went around the field ?

24. A boy spent b years in the grammar school, and ¢
years in the high school. In the same time his father paid
tz dollars for the support of public schools. How many
dollars did the father pay annually ?

25. There were a companies, and b men in each company.
Each man used ¢ cartridges every week-day for d weeks.
How many cartridges were used ?

26. There were x 4 3 girls, each of whom had # books.
A distribution of 2 more to each girl made how many in all ?
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IV. Subtraction

28. The difference between two numbers is the num-
ber which added to the subtrahend will give the
minuend.

(@)
From 5a take 12a.

12a+4+(—T7a)=ba.

Remainder, — 7 a.
©

From 3¢ take — 4ec.

—4c+4+Tc=3c.

Remainder, 7 c.

®
From — b take + b.
b+ (—2b)=—0
Remainder, — 2b.
@

From —6d take —2d.
—2d+4+(—4d)=—64d.
Remainder, — 4d.

EXERCISE 27
What number must be added to

—b5c tomake —5¢?
—dx to make —3dz?
+ 62 to make — = ?
—8ctomake +11¢?
+ 8 ¢*x to make+ 17 *=?
—92a?® tomake + 212 ?
—2¢w’t‘omake-— ax®?

8.
9.
. + 17 ab’ to make — ab’c ?
. —152% to make 4 52% ?
. +8a® to make
. —m® to make

14.

+32* tomake —8z%?
+ 7 zy? to make — zy®?

0?
—mfz?
+ 33 2% to make— 2%y ?

16. 22+ Tz + 3 tomake 72*+0—17?
16. a — b tomake 3a—b6b+4c?

36
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17. 16a®* 4+ 2abdb to make 11a* — 5ab+ Thc?

18. 22— Ta2’—246a*tomake 92 —T2* —62?

19. 37*+4 2a® 4 2 to make 2a* —5a —37

20. 6a’ to make (a+ b)*?

21. 22® — 22 to make (z —1)°?

22. — cd — ac to make 1?

23. 3a? —d to make 2?

24. —32'4+T72—5 to make 0?

EXERCISE 28

1. Take #*—ax + a’ from 22*—2ax +3a?
2. Take —4am +a + 11 from 6am —3bc+11a
8. Take 42*— 222 —22—14 from 7T2*—224+22+42
4. Take 2?4 22y +522—3y' from 2 —3xy— ¥+ y2
5. Take 2b°+4ab —3a? from 4a*—2ab+ 35
6. Take *+62—7 from 342 —4x42
7. Take 3a°+4 2’y +62y*+T7 3 from b2y 42>+ Ty
8. Take 11a’—11a+11 from 5a*—Ta+2
9. Take 2mn 4 3xy—13bc  from 0
10. Take —32°+ 11y —32 from 0

GROUPING TERMS

29. 1. In the number series, § 12, what is the opposite

of +67

What is the opposite of the opposite of + 5%

The opposite of the opposite of —5?

2. Does +5 differ in unit value or in quality from

~(=5?
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8. Is taking the opposite of a number the second time,
or changing its quality the second time, restoring the
number to its original state ?

4. What is the effect of changing the quality of a
. number once, and indicating the second change ?

EXERCISE 29
Form a negative group from the last three terms:
Example (1) a—b+c—d
a—(+bdb—c+d)
Example (2) a*+ 0 +a*+ 0* —at
@+ — (—a*— b +a')

1. 1-8ay+152°y 4132 6. —2*—2y°4- 322 4t—11

2. ¥—10zy+152%' -5 7. 3ax—ay+ 5bx + by?

3. a+2b—3c+4d+m 8. 4aci+bc+ bx+ by

4. 2—3y+22—1r+8 9. Qaz—ylt—ar’4yr

6. 14a+15b+8c—d+m 10. 7a®—a% + ab®—b®

EXERCISE 30

(@) a*+ab+B6a+5b ) 2y— Yt — a2t 4yt
a@+5)+5(+b) 2 @—9)— 2@ —1)
(a+d)(a+5) (@ — ) (zy — 2

Group the following terms. Find a binomial factor in
each group of two terms. Unite the monomial factors to
form the second binomial factor.

1. ax—ay + bz —by 5. P+ 2y + x4+ o0
2. ac+ bc+ ad + bd 8. ®—ay+ay—3°
8. mz—yz—ar+yr 7. be—b*—ac+ab

4. a®—a®b + ab®— b 8. 2088422y —az— 92
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9.
10.
11.
12.

Algebra

Sa+15b—4ax—12bx

Tay—TMy—1lax+1212
10 ac—35ad 4 6bc — 21 bd
12a* —18ab + 8ac —12b¢c

30. MONOMIAL AND POLYNOMIAL FACTOR
Ex. (@) 8¢ — 1200 +4¢
4.2 +4F x—3d +4c-c
48@2 2 —3d +0)

Ex. (b) 51a*+ 21 a*%®—T75 a®*
3a* 17Ta*+3a- Tab® +3a*x—-260%
3a*(17 &+ 7 ab® — 25 %)

EXERCISE 31

Find the highest monomial factor, and prefix it to the
polynomial factor enclosed :

1. 11 mine® — mnte? 10. 5n'p—10 n'q + 15 nir
2. bab'—10a’h—5a%* 11. 3a®b+3ab*+b*

3. 57 dd*—38 ' 12. 40 + 6 a® + 4 a%®

4. 92 —62%*4+32% 13. 3ah—21a*h+4+30ab

5. m®n — 21 a’n + 30 abn® '14. 10 a'2® — 15 a’x* — 20 a®x*
8. a’r'y — a2y 4 a2yt 15. afblc + a'bc + a®d'e

7. T¢B+14 3B +TFd? 16, Fyz + 2Py'z + oy

8. 3m"nv—6m‘n—45m3n 17. 75 oty — 36 2’y'z

9. 5aty 410 2°%* 4 50 2'y* + 5 ay




V. Division

3L (@) +90+(+30)=+3 (0) +84+(—21)=—4
(0) —T6+(—19)=+4 (d) —26+(+13)=—2

To determine the sign of the quotient consider the
quality of the number by which the divisor was multi-
plied to make the dividend. If the dividend (or
product) is negative, and the divisor (or given factor)
is negative, what must be the sign of the quotient (or
factor sought) ?

Does the law of signs in division differ from the law
of signs in multiplication ?

© )
a® +a® =a*3 or o 25 a’c*nt + 5 a’c*d, or
at+at=a"* ora® 25 a’c*d’nt + 5 a°cEd'n®
d--af=a*"% ora? Quotient: 5a~?c¢%d-'n!, or
a’+at=a""% ora= ba~d-'n*
a®+a’=a*" or a®

(9
a+at=a'; at+at=1 .. =1
EXERCISE 32

1. —21a'¥*=—3a®* x? 4. +20mp*P=—4p*x?
2. +16a*°d =—2abc x ? 5. —T72ad'n*=—8am x?

3. —2abdfdt=—ac’d x? 8. +6dnt=—5d'c*x ?
39
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7. =362 =—9xy2 x ?
8. (42a%°¢— 7 a'b®)+(—Tadcf)="?
9. (51 2y%e® — 34 "y%%)+(— 17 2%y%H)=?
10. (121 m*c + 22 m*¢)+ 11 mic="?
11. (— 24 a’s*+ 36 a'2®)+(— 6 a’x")="?
12. (35 m®n® — 42 mn®)+(— T m*nt)="?
18. (15 a’2'y — 12 a%%)+(— 3 d'a') = ?
14. (— 38 a®b’%xy’ — 19 a®b'2®) +(— 19 a®bz)= ?

DIVISION OF POLYNOMIALS BY POLYNOMIALS

32 (a) a*+3a®4+3ab’+b|a +b
@+ a? ‘a’+2ab+b’
+2a* + 3 ab?
+2a’ + 2 ab?®
+ ab® + b®
+ ab® + b

©®) « P+at+z41
PRy RN, RNy e —14 1
- - -2 s24+E4z+1
- - —r-1

+1
© P2y +y | P2y

+2a2% -2y
PPty | By —p T TS
Y d-ar+y
oty — oy oy
—a Pt g
— oy + 2y — o

—2af+ 2
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TEST J
Why are the terms of the dividends in the given ex-

amples arranged according to the powers of a or of z ?

2. Should the divisors have similar arrangement ?

3. How are the terms of the partial dividends arranged ?

4.- Why is it sufficient to divide the first term of the
dividend by the first term of the divisor ?

5.

When may one term be divided by four terms or by

any number of terms ?

6.

Why are the signs of the terms of the remainder (Ex. c)

changed in the numerator of the fractional term of the
quotient ? -

7.
8.

L O A e

How may the examples ke verified ?
Write a rule for dividing one polynomial by another.

EXERCISE 33

@ =—-¢ | =yt —o
Py + PP — oy | P tay+y’
+ 'y — 2y + 2y — o
+ oy — oy + 2y —ay’
+ 2y — 2y +xf — o
+ oy — PP o’ — o

Divide 2 — 3 2%y + 3 zy* — o* by z—y

Dividey* —3y*+3y—1 byy¥—2y+1
Divide a* 4 a®* + b* by a*— ab + b?
Divide #*+4 2’y + 6 2y’ + 4 2+ y* by o + 2 xy + ¢
Divide a® + a'd* + b° by a* + a®?® + b*

Divide a®® 4 b2 by a® — a'd* 4- b°
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7. Divide m* 4 n* ' by m? — 2 mn 4-n?
8. Divide 27 2% —1 by 32'+1
9. Divide16 ¢ —1 by 8+4c2+2¢+1
10. Divide 23 4 64 by ' —42*+8
11. Divide 2’ —y' by z—y

. EXERCISE 34

Divide
1. a*4 64 by a*—4a*+ 16
2. 8a®— 270 by 4a*+6ab+90*
8. #*482*+4+252" 4382424 by #*4+3z+4
4, 2+ —2*4+92+ 30 by £ —-3x+46
5. a*4+2a’—13a*+34ab*—150* by a*45ab—30*
6. 4a*—3a*+Ta—12 by 2a*—a+3
7. 5a*—18a% + 5 a’b* — b* by ¥*+ 3ab—d*
8. 1—-824+1724+22*— 242 by 1-52+462*
9. 1-6x—82"46a°4Tat by 22+ 2'+1
10. 120 — 26z 4 192° — 22° 4 o by 2 4+12 4+ 2
11. a4 a®?® 4 bt by a®+ab+ b
12. a*—6a*+ 25 by a*—4a+5
13. 924 4 202° 4 16 by 32 —224-4
14. 24+ 52y +2a% — 102 — 8y by 22— 2°
15. -1 by ¢+1
16. 8124 — 16y by 32'—24*
7. ¢t =0 . by a*%a®b+ab*+-b®
18. 32a*+ b by 2a?+ b
19. a®*+a—1 by a*+a*'—1
20. a®+2ab + ¥ —¢° by a4+b+c¢
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EXERCISES IN FORMING EQUALITIES

33. 1. There were 90 animals. There were z camels,
seven times as many monkeys as camels, and ten times as
many horses as camels. How many times z in the sum of
all the animals? What is the numerical number for all the
animals? Express the equality of these two numbers by
using the sign of equality. Let the number containing
# come before the sign.

2. Some children gave a man with a bagpipe = cents for
each tune that he played. He had played five tunes when
he was offered as many cents as the children had paid him
if he would go away. He received 40 cents in all. How
many times z cents did he receive for playing? For
ceasing to play ? How many times « cenfs did he receive
in all? Express the equality of the algebraic number for
cents paid and the numerical number for cents received.

3. A cowboy rode # miles toward the mountains, and
went back y miles; then he was 30 miles from the ranch.
What is the algebraic number for the miles from the
ranch? Express the equality of the two numbers that
stand for miles distant from the ranch. If the man had
ridden 3 # miles, and had gone back 5y miles, he would
have been 50 miles from the ranch. Express a second
equality of numbers standing for miles distant from the
ranch.

4. The first of two lace-workers made yards of lace;
the second made y yards of lace. If each had made twice
as many yards, the first would have made 6 yards more
. than the second made. What is the algebraic number for
the difference ? Express the equality of the two numbers
that represent the difference.
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5. A is twice as old as B. If B’s age is « years, repre-
sent the age of each man seven years ago. At that time,
twice A’s years and five times B’s years were the same.
Express an equality, and simplify the members of the
equality.

6. Twenty-three times the number # is just as much
greater than 14 as 16 is greater than seven times 2. Repre-
sent the two differences, and express their equality.

7. A room is 3« feet long. The width is two-thirds the
length. If the length was 3 feet less, and the width was
3 feet more, the room would be square. Express an equality.
(What is true of the sides of a square ?)

8. The difference between two numbers is 25. If z is
the less number, what is the greater number? Repre-
sent the equality of three times the less, and the greater
plus 5.

9. There were « gallons in each of two casks. From the
first, 80 gallons were drawn; from the second, 34 gallons.
Three times the number of gallons left in the first cask
equalled the number left in the second. Express the equality
of the remainders.

10. A, B, and C together gave $76. A gave x dollars.
B gave as many as A and $10 more. C gave as many as
A and B together. Represent their contributions. Add
the three. What besides this number represents all the
money contributed ? Express an equality.

11. A father is four times as old as his son. If the son
is x years old, how old will he be in 24 years? How old
will the father be in 24 years? The father will then be
twice as old as his son. Express an equality.
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12. Two numbers are to each other as 3 to 7, and # is
their highest common factor. Represent the numbers and
their sum. The sum is also 140. Express an equality.

13. There are six persons, each of whom is four years
older than the next younger. Let x represent the age of
the youngest. If the eldest is three times as old as the
youngest, express an equality.

14. Divide the number 20 into two parts, such that the
sum of three times one part and five times the other part
shall be 84. Suppose « to be one of the parts of 20; what
is the other part? Find the sum of three times one part
and five times the other part. What is the numerical
expression for the sum ? Express an equality.

15. Represent two numbers whose difference is 36. Rep-
resent their sum. Their sum is also twice their difference.
Express an equality.

16. The difference between the squares of two consecutive
numbers is 121. Let z represent the less number. How
much greater is the next consecutive number ? Represent
the difference of the squares. What given number also
represents the difference of the squares? Express an
equality.

17. A line is 2 feet and 4 inches in length. Divide the
line into two parts, such that the length of one part shall
be three-fourths of the length of the other. Let « be the
highest common factor of the length of the parts expressed
in inches. Then 3z and 4z will represent the parts.
What is the length of the line in terms of #? The length
in inches ? Express an equality.

18. There are of sheep and goats together 144. There

are 7 sheep to every 5 goats. Represent the highest
common factor of the number of sheep and the number of
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goats. How many sheep? How many goats ? How many
in all? Express the equality of the algebraic expression
and the given numerical expression for all in the flock.

19. One number exceeds another by 3. The square of
the greater exceeds the square of the less by 99. If « is
the less number, what is the greater ? Express the squares
of the numbers, the difference of the squares, and an
equality.

20. The sum of five numbers is 50. The numbers in-
crease by 4. Express an equality.

21. In a family each son has as many sisters as he has
brothers. If « represents the number of sons, how many
brothers has each son? How many sisters has each son?
How many daughters are there? How many sisters has
each daughter? If each daughter has twice as many
brothers as she has sisters, express an equality.

22. Silk costs five times as much a yard as linen. Twenty-
two yards of silk and fifty yards of linen cost § 80. If the
linen costs # cents a yard, how many cents does a yard of
silk cost ? What will 50 yards of linen and 22 yards of silk
cost? By the conditions of the problem, the whole cost is
$80. In order to make an equality is it better to change
$ 80 to cents or to divide the algebraic sum by 100 ?

23. A boat will float down a stream at the rate of « miles
an hour. A crew can row the boat without the help of the
current at the rate of y miles an hour. How many miles an
hour can the crew and the current together take the boat
down? How many miles does the current take from the
rate of the crew when they row up the stream ? It takes
the crew 3 hours to row down a miles, and 9 hours to row
back. Express an equality. '
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24. If a wheel makes one revolution, its track is equal in
length to the circumference of the wheel. Suppose the cir-
cumference of the wheel to be # feet, how many revolutions
will the wheel have made, if its track is 100 yards in length ?
Suppose another wheel, three feet greater in circumference,
has made an equally long track, how many revolutions must
it have made? Suppose the difference in the number of
revolutions to be 5, and express an equality. Which wheel
will make the greater number of revolutions in a given time ?
Should the circumferences of the wheels and the length of
the tracks be given in the same denomination ?

26. What is the circumference of a wheel which makes y

revolutions in going 400 feet? Of another wheel which"

makes 4 more revolutions in the same distance? If the
sum of the circumferences of the two wheels is 45 feet, ex-
press an equality. ‘

26. If 4 pounds of coffee at y cents a pound, 3 pounds at
2 cents, and 2 pounds at y — z cents are mixed, what is the
worth of one pound of the mixture? If 6 pounds of the
mixture cost m 4 n dimes, make an equality.

27. A can walk m miles in A hours. How many miles
ean he walk in one hour? B can walk s miles in 7 hours.
How many miles can B walk in one hour? In 48 hours
A can walk ten miles farther than B can walk. Express an
equality.



VI. The Equation

34. Ratio. — Two numbers considered with reference
to the same unit of measure have a relation to each
other called their ratio. The terms of the ratio are
abstract numbers. The numbers may be the result of
a measurement in which the unit is a unit of length, of
surface, of weight, or of capacity ; or the terms of the
ratio may be the result of the measurements reduced by
removing their highest common factor. Thus the
length of a room may be 18 feet, the width 12 feet.
The ratio of the length to the breadth is 18 :12. But
it may be given in lower terms, 9:6; or, in lowest
terms, 3:2. In the last ratio, if 8 and 2 are considered
direct results of measurement, the unit is 6 feet or 2
yards. A ratiois also expressed in the form of a fraction.

35. The ratio of two unequal numbers is changed when
the numbers are subjected to the same- operation,
except when they are multiplied or divided by the
same number.

Given: 36 > 16. Ratio of the numbers, 9:4
36+2>16+2 “ “ 19:9
36—-—2>16—2 “ “ 17:7
36 x2>16 x 2 “ « 9:4
36 +2>16+2 “ “ 9:4

(36)* > (16)* “ “«' 81:16
-\/§6> -\/ﬁ « « 3:2
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By means of inequalities, which are subject to
changes not given above, results within limits are
obtained. These results sometimes amount to a cer-
tainty. When, by the solution of a problem, it is
found 2 <17 and z > 15, there is no doubt of the
numerical value of z if it represents a whole number.

36. The ratio of two equal numbers is not changed when
the members of the equality are subjected to the same
operation. '

Given: 16=16. Given: a='a.
16+2=16+4+2 a+b=a+bd
16—-2=16—-2 a—b=a—->
16 x2=16 x 2 a-b=a-b
16 +-2=16+2 a+b=a-=+b

16)* = (16)* @ =a®
V16 = V16 Va=Va

In the six operations performed upon 16 =16 and
a = a, the ratio of the numbers, 1:1, is not changed ;
the equality is not destroyed. Upon this constancy of
ratio the solution of a vast number of problems is
based. The algebraic expression of a statement in the
problem is equal to the algebraic expression of another
statement or to a given numerical number. By perform-
ing upon each member of the expression of this equality,
one or more of the operations performed upon a =a, a
number required by the problem may be obtained.

The facts shown in the six transformations of the
given equality, or identity, are not disputed; they are
called self-evident truths, or azioms.

E
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Equations, — An algebraic expression of the equality

of two numbers is an equation.
(@) 22+2z=4z2 @ 5y=15

The first example is true whatever the value of z; the
expression is simply an instance of “2 and 2 make 4.”
Such an expression of equality is an identity.

The second example is true only when y = 3; hence
5 y=15is an equation of condition. The word *“equation”
generally indicates equation of condition. If the value
of the unknown number in an equation of condition be

substituted for the unknown, as 8 for y in 5 y = 15, the
result will be an identity : 6 x 8 = 15, or 16 = 15.

EXERCISE 36
(a) 3x2=6. 442=6.
Compare 3 X 2 and 4 + 2.
b db=a c=a
Compare b and c.
Isb>c?
b<e? b=c? Why?
~ Write a statement of the truth found by this comparison ;
also write a statement of each of the truths which appear in
the six identities following 16 = 16. Letter these state-
ments, self-evident truths, or axioms, with print capitals.
Letter the last, concerning numbers equal to the same num-
ber, E, the others in their order, A, S, M, D, P, R.
In writing solutions where space need not be given to the

complete axiom, the appropriate letter will indicate the
truth referred to.
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SOLUTION OF PROBLEMS

37. Ezample A. A man sold four times as many
hats on Wednesday as he sold on Tuesday. On Tues-
day he sold 10 more thap he sold on Monday. He sold
80 hats in all. How many did he sell each day ?

Let 2 = the number of hats sold on Monday.
2 + 10 = the number of hats sold on Tuesday.
4 x + 40 = the number of hats sold on Wednesday.
Then 62 4 50 = the whole number of hats sold,
but " 80 = the whole number of hats sold. }
Hence, 6 x + 60 = 80 () Ax. ?
6z =380 )] Ax. ?
z=05 (3) Ax. ?
z + 10 = 15, the number of hats sold on Tuesday.
4 z 4 40 = 60, the number of hats sold on Wednesday.

The facts of the problem are noted by using # to represent
one of the numbers sought, and by expressing the relations
of z in the other numbers. :

The solution requires an equation. How may two ex-
pressions for the same quantity be found ? It is stated
that 80 hats were sold. The sum of the algebraic numbers
for Monday, Tuesday, and Wednesday gives another num-
ber for all that were sold. Here then are materials for an
equation (Ax. E).

The equation formed will be an equation of condition.
The solution of the equation will show for what « stands,
or will show under what condition it serves in this problem.

The equation is to be solved for the value of . Then
must be made to stand alone, without coefficient, and with-
out another number added to it or subtracted from it.
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1. What may be done that 6 z may stand alone? FEras-
ing 50 will make the first number less than the second. What
may be done to remove 50 and preserve the equality also ?

2. State in a complete sentence the truth that warrants
the removing of a term from a member of the equation.

3. When 6 z stands alone, what may be done to allow «
to stand alone ? Give the axiom that warrants the removal
of the coefficient of .

4. Why write, “Let z=the number of hats sold”?
Why not say, “ Let z=hats sold”? When a person solves
the problem, does he expect to find the value of = to be a
number or some hats ?

5. What advantage is there in careful arrangement, such
as bringing signs of equality under one another? What
advantage is there in numbering the equations ?

Ezample B. A post is one-fourth of its length in
mud, one-third of its length in water, and ten feet of
its length are out of water. What is its length ?

Let z = the number of feet in the length of the post.

Z — the number of feet in the mud.

= the number of feet in the water.

W'

E+ §+ 10 = the number of feet in the length of the post. }
2 = the number of feet in the length of the post.

xr
=%4 7 Ax. ?
x 4+3+10 )
12z=127”+1_2§§+120 @ Ax. ?
122=32+4x+ 120 @3)
brx=120 @ Ax. ?
z=24 () Ax. ?

z_ -
;—6. —'8'

«wIR
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The length of the post is twenty-four feet.
Verification : Substitute 24 for z in Equation (1).

24 24
24=""4+22410
4 + 3 +

24 =24

An identity results ; hence 24 satisfies the equation.

TEST K

1. In Example B what is the object in multiplying
both members of equation (1) ?

2. What is the authority for the muitiplying ?

3. Would 13 answer for a multiplier? Would 24°?
Why select 12 ?

4. What is there in the problem that suggests measur-
ing the post in feet ?

6. If the post were measured in inches, what number
should be in the equation in place of 10? If the post
were measured in yards, what number should be in place
of 10?

8. If there were in the statement, “ Let # = the length,”
and = was found to be 24, what would be the length of the
post ?

7. Does z stand for things or for a number? If for a
number, does it matter what the unit is ?

8. Should # represent in the statement what cannot be
had in the result ?

9. What axioms warrant equations (1), (2), (4), (5)?
10. In the change from equation (2) to equation (3) is

there a change of form? Is there a change of value?
Why is there no reference to an axiom ?
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Ezample C. A said to B, “If three-fourths, three-
tenths, and four-fifths of my age were added to my
age, the sum would be 8 less than three times my age.”
What was A’s age ?

Let 2 = A’s number of years.
z+§f‘.+%’-’+i‘—‘°_3x—3 (¢Y) From the conditions.

202+162+6z+162=602—60 (3)
572=60z—60  (4)

672 —60x =—60 () Ax. 8
—82z=—60 (O]
z=20 (M AxD

A’s age was twenty years.
" Verification : Substitute 20 for z in equation ).

20_'_8 -20 3 20+4 20_8 20—8

10 b
20+15+6+16=60—38
57 =67

An identity results; hence 20 satisfies the equation. The
equation of condition, equation (1), is true if  =20.

Ezxample D. G is 25 years older than F; and G’s
age is as much greater than 20 years as F’s age is
less than 85. What is the age of each?

Let z = the number of G's years,
2 — 256 = the number of F's years.
2 — 20 = G’8 years less 20 years.
86 — (x — 26) = 86 years less F's years. }
86 —(x —26)=2—20 (1) From the conditions.



The Equation 55

8 —-z+26=2-20 2)
—z—x=—20-86-26 (38) Ax. 8
—22=-130 “4)
z =6b ) Ax. D
z—-26=40 (O]

By reversing the members of equation (1).
z—-20=85—(z—26) (1)
z—20=86—2z+25 @)

r+2=84+26+20 (3) Ax. A
22 =130 “4)

z =66 (6) Ax.D
z—26=40 6)

Verification : Substitute 65 for z in equation (1).
66 — 20 = 86 — (656 — 26)
45 =45

An identity is produced; hence 65 satisfies the equation.
The equation of condition is true if x = 65.

TEST L

1. Why is the unknown quantity represented by x?
Would an interrogation point serve as well ?

2. In example (4) is the number of hats sold on Tues-
day any better known than the number sold on Monday ?
‘Why or why not ?

3. If z represented the number sold on Tuesday, how
would the number sold on Monday be represented ? The
number sold on Wednesday ?

4. Let z represent the number sold on Wednesday.
How could the numbers for the other two days be repre
sented ?
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5. In the given example, # =5; what should be the
value of z when « stands for the number sold on Tuesday ?
For the number sold on Wednesday ?

6. In example (D), the equation is solved twice ? Is it
lawful to change an equation, member for member? To
reverse the members of an inequality ?

7. Inexample (D), after the members of equation (1) are
reversed, what is the change in the equations following ?

8. If —xis a term of the second member, what may be
added to that member to produce 0 in place of —x? If
nothing further were done, would the equation become an
inequality ? 'Which member of the inequality would be the
greater ?

9. How many operations may be performed upon both
members of an equation, at the same time, without affecting
the equality of the members ?

10. In example (A), 50 is taken from both members of
an equation; in example (B), both members are multiplied
by 12; in example (D), 20 is added to both members. In
each of these cases the members are made greater or less.
Does the process of solving an equation depend upon the
value of the members ? Explain.

11. Does ratio depend upon the magnitude of the terms
which express it? A table is measured in inches, and the
ratio of the length to the breadth is 72:36. In lower terms
the ratio is 6:3; in lowest terms it is 2:1. By what unit
might the table be measured to give 6:3? * To give 2:1?
Do these transformations of the expression of the ratio alter
the relation of the length to the breadth as at first ex-
pressed ?




The Equation 57

12. Does a ratio hold so long as each of its transforma-
tions, when reduced to the lowest terms, gives the same
numbers that the original gives ?

13. Does an equation hold so long as its members main-
tain the ratio 1:1; that is, so long as substituting the same
number for # will change the equation to an identity, what-
ever may have been its lawful transformation ?

14. What is the condition under which 22=130? Could
5 2 =130 also be true in the same problem ?

15. Could an identity become an equation of condition ?
Take an identity containing , as

(= + b) (= + 25) = (¢ + 15)* — 100,
make any of the transformations warranted by the axioms,
and endeavor to obtain therefrom a value for .

EXERCISE IN THE CONSTRUCTION OF PROBLEMS. L

38. Convert numbers 5-23, § 33, Exercises in Form-
ing Equalities, into complete problems.

Omit the use of “z” and the direction ¢ represent
the equality.” The symbol z and the equation are aids
to the solution of a problem which is stated in words.

Each of the exercises 5-23, § 33, contains the three
elements of a problem leading to a single equation of
the first degree :

1. Reference to an unknown number;

2. Conditions from which an algebraic expression can be
formed when the unknown number has been represented
by «;

3. Further conditions from which can be formed a second
algebraic expression equal to the first; or, a numerical num-
ber which is equal to the first algebraic expression.
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39. (a) Given, 420 + 14 = 380.

1. (420 x 2)+ 14 =?
2. 420+ (14 +2)="?
3. (420+2)+14 =?
4. 420+ (14 x 2)="?
6. (420 x 2)+ (14 x2)="
6. (420 +2)+(14+2)="?

TEST M

1. What operations upon dividend or upon divisor will
affect the quotient? How ?

2. What operations will not affect the quotient ?
Given,

The factors of the dividend not in the divisor also
are the factors of the quotient.

3. Remove. factor 2 from both dividend and divisor.
‘What change in the quotient follows? Remove 7 also.
‘What change follows ?

4. Introduce — 5 into each term. Is the quotient
changed ?

5. Introduce 4a%c into each term, at the same time
remove 2 and 7 from each term. What is the effect ?

6. What effect has multiplying both dividend and
divisor by +1? By —17?

58
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7. Will squaring both dividend and divisor affect the
quotient? Will taking the square root ?

8. Add 4 to 420 and to 14. Divide. Will the quotient
be greater or less than the given quotient? Subtract 4
from each term. How is the quotient affected ?

9. Is it safe to say without further trial that the
operations in Example (a), 5 and 6, are the only operations
that will not change the quotient ?

10. By what may the numerator and by what may the
denominator of § be multiplied to invert the fraction?
When 3, a dividend, is multiplied is the quotient changed ?
When 4, a divisor, is multiplied, how is the quotient
changed ? '

2,
11. Which is greater, %’xlor%’xg? 2 y1orx ™,

2 b b iz
) 14 1
5 G 141
(%) Given 220 30
L 14x2_2 , 14 _2
* 7420 30 " 320+2 30
3 _14 1 4 14+2_ 1
' 420 x 2 60 " 420 60
14 2 1 14+2 1
5 20%2730 6 202230

(¢) Given 420:14,0r 80:1 ,
1. 840:14,0r 60:1 2. 420:7,0r 60:1
3. 840:28 or 30:1 4. 210:7,0r 30:1
If a fraction is a representation of a division in which
a quotient is sought, if it is the representation of a quo-

tient, or if it is the ratio of two numbers, the quotient
arising from the division, the value of the fraction, and
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the ratio of the numbers will not be altered by multi-
plying both the given terms or dividing both the given
terms by the same number. That is, when the relation
of the dividend and divisor, of the numerator and the
denominator, or of the terms of the ratio, is not changed,
the value is not affected.

40. A fraction may be transformed for the purpose of
changing its denomination or to reduce to lower terms.

12 a®bc’d

18 abod’m to its lowest terms.

Ezxample 1. Reduce

12a°c*d  6a’bed _ 2¢° |
18 u®b’cd ~ 6 atbed 3 abdx’

Babedx2¢ _ 1. 2¢ _ 2¢
Gatbod x 3abde  3abde 3 abde

or,

2a%*—8b°

— _ _toits ]
§5(@+3a—10) o its lowest terms.

Ezxample 2. Reduce

2a'—89 _ 2b(a—2)x(a+2)
6% (@*+3a—10) 20°(a—2)x3b(a+b)

=1 x a+2 _ at2
3b(a+5) 3b(a+5)

A fraction is reduced to its lowest terms by dividing
the numerator and the denominator by their highest
common factor, or by removing the factors common to
the numerator and denominator. The latter method
is equivalent to separating the fraction into two frac-
tions, one of which is equal to 1.
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ab 3c 6m

20y by 10 2%7
alent fractions having for denominator 30 ax’yz.

Example 3. Change to other equiv-

2 ab  x15axz 15 a’bxz
X 2xy x15axz 30 a2’yz

3¢ x6as’ 18 aca®
30 ax’yz =5 ? = .
” e x byz x6ax’ 30ax’yz

6m x3a 18 am
30 ax’yz = 10 2* ? =
” ¥ X 0% x3a  30asiye

13ab 11a bat .
Example 4. Change 71 by T by’ Ew_y’ to equivalent

fractions having the lowest common denominator.
42 Yoty + 21 VP =2
. L2200+ Thbry =6bxy®
220 +6zy =Tbry

13ab x2 _ 2ab
A0 x2 A2 by

11a x 6 by’ _ 66 abay®
Tbxy X 6 bxy® 42 bPa*y®
ba! x Tb'zy _ 35a'bxy
62y’ x Tb'zy 42 bay®

The lowest common denominator of two or more
fractions is the lowest common multiple of their de-
nominators. When the L. C. D. cannot be determined
by inspection, it may be found by factoring as in
example 5.
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3a+7 25 3cd
ple b. ) )
Bzam, a*—6a+9 a*—4a+4 3a*—9a

a?—6a+9= (a—3)
a?—4da+4= - (a—2)
3a*—~9a=3a(a—3) |
L. C. M. =3 a(a — 2) (a—3)*

3a(a — 2)(a — 3)*

@ @—sy=2%@—-2
@ == =sda-sy
&) g:(a - 2)’22 = g;’ =(a—2)%a—3)

Ba+7) x3al@a—2¢ (9 +21a)(a— 2)
(@ —6a+9) x3a(@a—2)! 3a(a—2)*a—3)

25 'x8a(@a—3¢_  T5a(a—3)
(@*—4a+4)x3a(a—3)* 3a(a—2)(a—3)

3cd X (a—2)(a—38)_3cd(a—2)(a—3)
Ba*—9a) x (a—2)(a -3 T 3a(a—2)%a — 3

EXERCISE 36

Reduce the following fractions to equivalent fractions
having the lowest common denominator:

3 5 4
‘44’ 12a¢* 6

b bz b z
z—b P—2 2—0 b—z

1

2.




Fractions 63
c be b b
c—b - E+b c+b

5 1 3 4 z
"d—1 a—1" a+1 (a+1)* (a—1y

5 bz b+ b
B0 PHbr+ b z—b

3.

4

EXERCISE 37
Write in lowest terms:

1. z' +ay 11. _2+n’
22y a* 4 nix® 4 nt

) 4 ) -1

2 —""“_W 12. 5=

g T+a 13, Ty
»—a? : 28 — by

4: 4(z + a) 14, DAY+
b (a* — o) ) 28 — bS

5. ba’z—15 ay? 15. ©2?—2ar+ad?

10 a®z 28— 3% + 3 2a? — a?

8. M 16. M
2+6x2+5 . ?—-8x+15

7 at—12a 4+ 35 17 2?+524+6

" a'—2a—15 Tt —42—12

8. t—2c¢c—15 18. 8a3+ 279
¢+10c+ 21 9y +12ay 4 44°

0. d+5c—24 19. at+ b8
A—10c+21 a4+ b

10 a*+9a—36 20. at— bt

a?+6a—27 at—2a®+ bt
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EXERCISE 38

‘Write with lowest common denominator :

1 a+b 15a% - 40 —40 - 1
“a?—b 3a°—3ad’ a'—2ab+ b 3a'm—3Vm
9 27 oy a+b 3b%

32+ 6ay+35 @+y)° B -y

A4 att+b Td(a—0b)? baP+5ab
@+ 3T (@—0b) (a+Dd)P

m® — n® m*—2mn+n' 3(m+ n)(a+b)
m? + mn + n¥’ (m—n)* °’ (m + n)?

a* + b a— b 15 a®b’c
a®+2ab + b 5z (a®—b%)’ 45ab’x

a+3 a+1 a—1
a*+5a+6" a’+3a+2 a'+2a-—3

a’h ab®— b
" ab—b" a*—0°

1 11
@=bd@b—c’ (c—d)(d—a)’ 15a

9 440 4—b
16 -5 8420’ 16 —8b+ b

1 1 1
a—2z a*—baxr+ 62" a—3=z

a
7.3

10.

TEST N

1. What is the effect of multiplying the first term of a
ratio? Of dividing the second term? Of dividing both
terms by the same number ?
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2. Is a fraction a representation of a product or of a
guotient ? Is a ratio a product or a quotient?

8. What two transformations of a fraction are possible
without changing the value of the fraction ?

4. What is the value of a fraction whose numerator and
denominator are identical ?

5. What is meant by lowest common denominator ?
By lowest terms ?

6. .Are there two numbers whose ratio would not be
changed by the addition of the same number to each or
by the subtraction of the same number from each ?

7. Can fractions be changed to equivalent fractions
having a common numerator ? '

8. In changing fractions to others having a. common
denominator, why choose the lowest ?

9. If the denominators of three fractions were a, b, and
¢, what is the only limit or condition in the choice of a
common denominator ?

10. Given 3ad+%b. The fraction has a sign. As the

numerator and the denominator have no sign expressed,
what sign has each ?

11. Change two of the three signs as many times as
possible, and after each change divide. Is the quotient
the same as the first quotient, + (4 a)? Does + (+ a)
occur more than once? What changes give —(—a)?
What is the difference between + (4 a) and —(—a)?

12. Write the law of signs observed in this division.
¥
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12 -—-1_ -—-12 . ©ge
13. 7 X1~ a7 By this multiplication are the num-

bers changed numerically? How? Is the value of the
fraction changed ?

2x6 .
. ——2——. I8 th
Tx5x7 B the value of the fraction changed by

changing the sign of 7? Of 3and of 7? Of 3 and of 7,
andof 2and of 6? Of 2only? Of3,0f 5,and of 7? By
changing the sign of one factor in the numerator and any
one in the denominator, at the same time ?
16. Given,
—ax—(@+b) .4 ax(a+bd)

Ta-tx(@+5) @b x @+5

What is the difference in the value of the two forms ?

14

16. Changing the signs of how many factors will change
the sign of the product ?

17. If it is desirable in obtaining the least common de-
nominator to change the sign of one or more factors in the
denominator, so that the sign of the denominator as a whole
is changed, what one of two changes must be made to pre-
serve the value of the fraction ?

18. Write a rule for examples such as example 4, page 56.
16 a'b’c
20 a®°d
lowest terms. Multiply it by 5. Divide it by 5. Multi-
ply both numerator and denominator by 5«. If the given
fraction represents division, what is the quotient? If it
represents a ratio, write it in the form of a ratio in the
lowest terms.

19. Given, Reduce the given fraction to its

20. Is it well to reduce to lowest terms before reducing
toL.C.D.?
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EXERCISE 39

41. Combine the given fractions:

a,b_a+b
qumplel. 3+3 3
Ezample 2 8 _3_82_ 8¢ _3z—3¢
) c z & @ cx
Ezample 3. —% b _  a(a+bd) bla—1?)

a—b a+bd (@a—0b)(a+b) (a—0b)(a+d)

a’+ab_ab—b’___a’+b’
ad—b¥ a -0 -0

z2—by  3x—y 9 a+1l a—-1
Tt “a—1Tarl
c—3d c¢c—3d 2 1
L& 2g ok 10. =
4 3 0 (a+b)’+a+b
4 5 11 n' _ mn
‘1—a 1—-@ ‘t—2z x4z
n n 4 7
o — 12, —— —————
Sin w—9 2 re o
6z—5a 4z—1Ta 18 x—3+x’-—9_8—z’
: 2 3 " bax 102 1528
2a—3 _a+2 5a+38 14, 2—% at+z_a'—2*
12 9 + 6 o + a 2 ax
5 + 8 3z 15 a+2b a—20
‘a4z a—z a*—2a? ‘a—2b a+20

2+5_z—5_19a45 . 2 _3y—o
z—b z4+5 #£—25 T ay xy?
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z+4 1 P4 4x-2
Boample (4). T a1 1-2
(a:+4)(a:—1)_m’+a:+1+:v’+4a3—-2
?—1 ®—1 ©—-1
. P?4+3r—4—2P—2-14+*4+45—-2_ 224+ 62x—7T
-1 T P11
44 1 c24+40—2

or,

14+z+2* 1—2z 1—a°

(4+w)(1—:c)+1+a:+:c’_a:’+4a;—2
1—a® 1-2 1—-2a®

4 -8r—2+1424+2*—a2*—424+2 T—6z—2*

1-4a° 1—-2

In example (4) the L. C. M. of the first two terms is 8 — 1. The
third denominator is given the same form by changing the sign of the
fraction and the sign of the denominator as a whole: —(1—2%)=x%—1.
In the second solution, similar changes are made in the second frac-
tion, the order of the terms in the first denominator is reversed, and
the fractions are reduced to others having 1 — 238 for their L. C. D. If
the terms of the second result are multiplied by — 1, the two results
will have the same form.

1 1 1
A Py R g
18. 2 1 3
a®—b b—a da*+ab+d?
19. 1 2 1
E+D)@—1) @+1 A-a)A+2)
20 113
‘—az+a? a4+ z+a
21. 2 + 2 1

P—38b+2 bB—b—2 b—1
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1 1 1 1
B.®) rrptiystizs 10
1 12
T 130 1I-&
2 . 1 _34p
Tt iy 1—b

3+b’+ 1 =4+b’+2b‘+b‘
1—-0 140 108

1 1 1
“H@-9 6-906-a  c—D@=1

1 _ 1 + 1
@-D@—9 0-9@=0 @-90G—-9

E@«D.@

a b c
SR T W T R e Yoy
23 a? _ b? _ ¢
" @=b@—c @—a(c—=b) (—a)®-0o)
24 a+c _ b4c _ a+bd
T (@=bb—c) (c—a)(p—a) (a—c)(c—0D)
o —yz ¥+ ot + oy
B e G-00+d G-De+n
z—2 —1 z—3
B eThe-5tE06-9 a=9C-9
o7 1 1 1
“a@a—c)(a—2x) clc—a)(c—2) z(x—c)(x—a)
gs, 1 4 1 1 1

Ay Ty ety oy
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EXERCISE 40

42. Reduce the mixed numbers to the form of a fraction:

* Ezample
t_3q-30@8—0) 3_ a—2 3a(3—a)
a*—3a 5 T (a 3a)xa__2 p—
a’—5a’+6a_9a;3aﬂ=as_2az_3a
a—2 a—2 a—2
3a—2 a'—1+3a '
. - 10, ————
1. a®+T7a+2 5 0 S +a+1
59 1. gt—d— 3%
2-2y+x+1+m_3y . a 4y
3. a’__M_a_*_m_*_y 12. 2w_a_a—3w
r4a 4
o ax® 4+ ot
4. I . . ’— —
1_¢+”’+”'+”+1r 13. @ aa;+,,,s i
5. 1+2a+4a’—£__ﬂ 14, @d—aP41— —a?—a*+1
2a-1 3
Mtl_ —_ _n”—n’—n_.1
Ll S B G el
82+ Ty o, g_0'—2ab+ b
7. Ss—2y 22—-3y 16. 8m o
6a’*—9a* —mi— a)? i
. 2a—4x—="="—""— . _ ) |
8. 2a E 1dt3z 17. 3a+1 o

1588y o . (@tB)
8 S5z—3y 3o 4y+5 18 (a+b). (a+b)’
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EXERCISE 41

43. Perform the multiplication indicated, and reduce the
product to the simplest form :

at+bd (a—0)°

Ez. (a). a’—b’x @0y
(@+b)x@=Y(@a=% _(a+b)(@a—b), a—b
@+h@—-bx@+0)@+0) @+b)@—"b) @+oy

a—b or a—b
(@+b)* = (a+bdy

=1x

a*—ab _ 2ab ab+ b

Ez. ). 3b xaf—b’xa’+2ab

a(a—b)x 2ab X bla+d)

30 Xx(a+d)y(ea—b)xala+20)
a-b-b(a—>b)(a+b) 20 _ 2a
a-b*@@a—b)(a+bd) ~3(@+2b) 8a+6b

1. Find the prime factors of the numerators and denomi-
nators of the given fractions.

2. Indicate the multiplication in one fraction.

8. Form a fraction of the factors common to the numera-
tor and denominator in the indicated multiplication. This
fraction equals 1.

4. The remaining factors will form the product required.

1—a_ ad a4 ab+4 b (a—b)?
1. —_— .

b xl—a’ 4 a®— b ><a’+bs

3 -1 37 '+ at P —a® z+4a
2. 2 .

a+1xa’+a+1 5 w’+a’xz’——a’x 5

at—bt  at—1? am e mi—mn4n®  3(m+n)

a—b X a’+-0* X (7{- b)? 21 mé4+nd
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7.

10.

11.

12.

13.

14.

15.

1e.

17.

18.

19.

Algebra

®—at 32 —3a*

‘w’—aw+a’x.(z'—a’)(w+a)

3@ +b+ab) @+ ¥
ad+b—ab P08

a®h + 2 a®® + ab’x 15a%®
3ab(a+d)? ab

@by —(ctdp 1

@+bd+(c+d)  a—-¢

c’-—8x ab? - b* bla?
17ad " E+4+2c+4 c—2

1-8y+3y—y* 3+3y
1-9 1-2y+9

am?— 9 x am + 3
a'm?—6am 9+ 6 am + a’m?

add—a—6_ a*—a—6
a*—4 at—6a+9

21 — o8 x9+6z+w’
3@ +a) 1109 -4

@®—x—6 « 3az +18a
©?4+32—18" 2+ 5x—14

a¥(a® + a — 42) X adla—T)
a’(a® — 49) a*—12a + 36

37a%(a + b —c)? x 125 acy
bay+4+565by —b5cy 111 a%®

a® —1 x a®b®c® + 2 abc — 3
a®?® — 9 a?i*— 2abc+1




20.

21.

22.

23.

24.

26.

26.

217.

28.

- 32.

Fractions
8af — b 121 a®*c?
2a%c — ab’c " 4at+ 2a’d + b®
( ) ( ') ab‘cgb + a)
PR V¥ —al

2a 8 a® 4a'—0*
<2a—b_1>(b3 _1>x8a3—b’

a—2>b

at ab® — ab —
a’-—ab+b’x(a— a’—b”)(a_ a b’)

(a’—b’_3ab)x @ — b

@—2by

b,(a_b;’)x3ﬂa+b)+b‘+a’x 1

(a+b)?x 2a at— b

z, 3,56\ B6@—c) Ftatd
(2+7+ ) P
ax (a® — &*)*mn % 1

P—a  d—Sa M

S5a+4+5 a4 b
>x2a=+2 ('*'b a—b

. (m_s_?%c?gz)x(l__)xs;

=G5 Gtety

2a 2a 2a 2a :
(1_1+a>(1+1—a)( T1- Xl+1+a>
(1 a®cd
) xd + xc + cd

73
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EXERCISE 42
44, Perform the division indicated :

Gi a.c
iven, 3 ¥ a
Dividing, gl - = § 39, (5) 3
x —
d
Simplifying, @, 4_ad § 39, (b) 5
. bxC d be
d-
be b ¢

In the result the divisor reappears inverted. Hence, in
dividing one fraction by another fraction, for convenience,
multiply the dividend by the inverted divisor.

1 a—2+a—4 9 a’+7a+12 a+4
“a—3 a—3 "@+2a—15 a+5
P—nd (x—n)? é—6c+8 c—4

. -+ 10.
2 24n 22— nd c’+2c+1+c+1
3 21*—3a . 2a—1 1 x’—2z+1+w—1
" 6a®+12d® a*+2a ‘" at+4a+4 a+2
g 1699 4a-3b ,, ¢—a' 3(c—a
" at—4  a-2 -1 1—c¢
5 a2 +3axr  ax+3 18 2%+ 2% + 2t - b
" 4a?—1 2041 ) o — b Tz—b
6 a—a—20 a+1 14 a’+2a—3 a'—1
o a?—25 a*+5a ‘a*—2a—-3 a*+1

v at—ot (a4 ) 18 n’+no+o’+ 211
(@=a) a’+ a? T (n—o)?
m’+7m—8+x’+w—56 16 a“—a‘+af+ at—2a®
2a+z  ar*+2a% " 1-(a—a’) @—2(a—2)




45. Simplify the complex fractions:

7.

e
&9
bX
a— -
A

m—3+g
z

:c+1—9
x

xZ=1?
x

[ry
-

Sl
XO'
8|8
I

& lo
|
o oiQ

o —— —

o
Sl
o

Fractions

EXERCISE 43

10.

11.

NI
DS

w8
|
SR L CTE

o
|

|
+
(Y

12, ———

13. 57—

14, —

15.

16.

75
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TEST O

1. Define: fraction; proper fraction; complex fraction;
integral number; mixed number.

2. Write a rule for the process required in each exercise
36-43.
8. Is 2*+ zintegral in form ? If ¢ =4, is it integral in
value? If2=567?

4. Why is not the value of a fraction reduced when the
fraction is reduced to its lowest terms ?

5. Why is not the value of a fraction increased when
the fraction is changed to another fraction of higher denom-
ination ?

6. Is the value of a mixed number changed when the
mixed number is changed to a fraction ?

7. Explain why the value of a complex fraction is not
changed when the complex fraction is changed to a simple
fraction.

8. Answer question 9, § 39, Test M.

9. Dividing the numerator of a fraction, § 39 (b) 4, as
well as multiplying its denominator, § 39 (b) 3, divides the
fraction. Why is § 39 (b) 3 alone referred to in § 44,
Exercise 42 ?

10. Which of the grouping marks is the line between the
numerator and the denominator of a fraction ?

2442 -5_ —241
11. d4+z—2 _z+3+z’+x-—2

Write this mixed number, giving the minus sign to the
fraction.

12. Are 24+38———2+1 g p43__1—2

- —242 2—z—-2
correct forms? Is there any objection to either ?
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3z—4 ®) — 3z —4
?+2c—1 —(@*+22-1)
- 3z—4
© - a7
In changing (a) to (b) how many fraction signs are changed ?
In changing (@) to (¢) how many fraction signs and how
many term signs are changed ?

18. (a) +

Nore. In Exercises 13-16, the signs of the fraction, the numerator
as & whole, and the denominator as a whole, are for brevity called
fraction signs.

14. What is the limit to the number of term signs that
may be changed by changing one fraction sign ?

15. (@) +

1 ® — 1
(CRON ()] —[@—9@0—-a)]
1 1
O —e=ox—t=9 @ " F=o@=p
How many fraction signs are changed in transforming (a)
into (b)? In transforming (a) into (¢) how many factor
signs are changed ? How many term signs are changed in
changing one factor sign in (d) ? 'What is the limit ?

1 . 1
(c—a)(c—d) (c—a)x—(c—d)

The change of how many factor signs will not change a
fraction sign? Changing the sign of an intern changes the
signs of how many terms ?

16. (@) + ®) +—

abe .
@—b)(b—c)(c—a)
one factor of the denominator; of two factors; of three fac-
tors. Which of these changes will change the sign of the
denominator as a whole ?

17. Given — Change the sign of
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18. Write a review of sign changes in fractions: (1) The
signs of a fraction independent of the term signs of the
numbers composing it; (2) The possible changes illustrated
and explained; (3) Possible changes in signs of factors
without change of product; hence (4) Changes in numera-
tor or in denominator; (5) The forming of a negative frac-
tion from a remainder and a divisor.

m+1
md 4 3 m
fraction because the numerator is of a lower degree than
the denominator. Substitute } for m, reduce to simplest
form, and show that a proper literal fraction may be greater
than 1. Can m denote a negative number ?

19. , containing powers of m only, is a proper

EXERCISE 44
46. Raise the given fractions to the power indicated :

Example (a). (— ‘1)’=_.9 X _%=+a_’

b b b
Ex. (b). (—%>'=—%x—%x—%=_}é
322\ 3.3.3.88.2%.2°
B0 (%) =" rnn Ve
32 3. (:c’)’ . 274
B @ (~35) =B G A i
i Ex,(e), ( Lf)__.'.g__ﬁ
~ 2 ma + 2°
and (+a+d) a’+2Z¢Llw+d’

The fraction with its proper sign is used as a factor as
" many times as there are units in the index of the required
power. To shorten the process the exponent of each letter
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may be multiplied by the index, as in example (d), when the
terms of the fraction are monomials. When the numerator
or denominator is a polynomial, the multiplication must be
indicated or performed as in (e).

L(RE) e ()

s (Y

0 (-BEY e (stREoDy

o (FAY e (pEzalrarey

;. ( + -_ncz:;w)“ 10. (+(a%b‘)(a*;b_’)g?+b)(a—b)>’
S—

meample @) (; =)= (2-3) ~2(-1)+ (5-3)
i

I G A CHA G
=16+8—b'1+%-:

To find the root of a trinomial square, inquire: Of what
is the first term a square? Of what is the third term a
square ? Does the second term show that the binomial
root is a sum or a difference ?
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Perform the operations indicated :
a b
1. Square o
2. Find the square root of z_9 +a_,’.
a? o
s. | Square %— %i
4. Finﬁ the square root of 1 -—2—+ 1

m: mn nd
2 =z

. 8 242,
6 qua.rec+d

. 9,12 4
6. Find the square root of ¢_13+¢Tb+17’
7. Square g+5.
8. Find the square root of 121 —-2-%-”+§.
1,11
9. Square 5+7;+Z
10. Cube 1_1.
z Y

11. Raise to the fourth power %—-%-

Determine by inspection the roots of the following powers:

1 3 3 1
18 5 v e @
1 4 6 4 1
M. -
4 Py Ay o f




Fractions

Example. Expand (2z— af)®

(2 2)* — 3 (2 2)*a*) + 3 (22)(a?)* — (a°)?

8 2 — 12 2%} + 6 za* — a®

15. Expand (2a+ 7)%

16. Expand (2 ac— )%

17. E'xpand (a*x — 2 ¢)®,

18. Expand (2z — a%)*

19. Expand (a®— 3bd)*.

20. Expand (1 + 22)*

21. Expand (2* —yH*

2z 3y\®
22. Expand (2% _2Y).
Xpan (3 4)

® 3
23. Expand (5 + 1) .

24. Expand (g —g)‘-



VIII. Miscellaneous Exercises and Problems

47..1. Multiply (a + b)( + %); (@ + b)(@ —y); (a —b)
(x+vy); (a—b)(#—y); and find a method of factoring
such quadrinomials as result.

2. What is the difference between (a + b)*(a — b)* and
[@+d)(a—0)]?

8. Square a — z — y without multiplying. In the same
way square a —22—3y; 22*—2+5; a+ 2+ y+2

4. Simplify each fraction:

1 1 1

E+E-) E-96-3) -0

5. What number must be added to each of the following
binomials to make of each a trinomial square :

?—22y; 44+42; 9—6y; ¥+ 6y; a:’+-3a:; z’—gz?
6. Find the continued product, grouping the factors so
that the multiplication may be done by inspection:

(E—y)(@—zy+¥) (@~ ) (@ +9) (& + 2y + ) (@ +2y+).

7. Why should the denominators of all fractions to be
added or subtracted be arranged according to the ascending
or the descending powers of the same letter ?

_ 8. All powers of negative and of positive monomials are
positive with one exception. What is the exception ?
82 ’
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9. In the number 1a'+1, how many of the ones may
be omitted? In 3+34%_ 3 _1+1a%,
6a 3 2a
6 —42°+22—4
284+ —2—2
a+2a’°+1
ad+a+1

10. Reduce

to a mixed number.
lv 11. Reduce (a— o — 1) to an improper
fraction.
2 1 2 .
—n—2 n?!—1 n*—3n+2
13. Add the first and second terms, their sum and the

L . r 1 2z 4%
third, and so on: i-s ate FdtF Tra

" 14. What number must be added to a? + 2 ab to make
(a +5)*? Toa*— 2y + y* to make (x + y)*?

15. Subtract a number from (a+b)? and make (a+b+3)
(a+5—3). From (z—y)? and make (z—y+5)(z—y—>5).
_18.. Divide 22 by 1+ 34" Give four terms and a frac-
tional term in the quotient.

12. Unite and simplify o

17, The powers of which numbers are less than the
base? (B)% (B 1% (@ (33)'s BB (0045 (1)
@ @5 (5)

18. Separate into three fractions, and reduce each to its

. 5x’y'—10zy’+15y’.
lowest terms: 102

19. Simplify 5a - (20 —¢)—(5a+3b+4¢c—2d), and
indicate the subtraction of the result from 5¢ — 4 d.

2 to the remainder, and

3
. 20. Subtract % from a’—, add 33

bl
give the reciprocal of the sum.
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21. Subtract @ from 0, ¢ from 1; to the product of the
differences add 2a — ac, and multiply the result by its re-
ciprocal.

22. Simplify 5{1 —3[1—2(1 —3m)]} and find what
must be added to the result to make 15 — 79 m.

28. By how much do 5 «® — «* 4 1 dollars, «* 4+ 5 dimes, and
2® 4+ 112* — 3 cents fall short of paying a bill of 6 2* + 2* + 2
dollars ?

24. Given, 17(62+3a) —240x+27a) (52 + 3 a)
=252"—9a’ Divide both members by a common factor.

25. A man bought 7 ca spades at 2 a dimes each; 5 picks
at 3ca? dimes each ; 2 ¢ rakes at 5 a® cents each. How many
dollars did he pay ?

26. Is 3ab(a — b)® + (o — b)* equal to (@ — b) (a®— %) ?

27. What is the difference between the opposite of a num-
ber and the reciprocal of a number ? If a number is nega-
tive, what is the quality of its opposite ? Of its reciprocal ?

28. Does any axiom give authority for changing all the
signs in an equation ? For inverting a fraction in division ?

29. Is “Let z = the number” an equation or a sentence ?
For what word is the sign = used? What word is used
for the sign = in reading =57

80. Divide a by a as in arithmetic, and again as in alge-
bra. Are the quotients equal or unequal ? What axiom
applies here ?

31. In the product of a®+ 2ab+ b’ by a+ b, in what
term may a° be written ? 5°?

32. May «° as a factor be omitted without loss of value ?
May o° as a term be omitted ?



Miscellaneous Exercises and Problems 85

r—1

33. Reduce 1rr to a mixed number, reduce ryriil

rP—r41
to its lowest terms, and add the results.

34. Simplify & ;;b +2 ;ﬂ“’(l e b).
w —

86. Divide1by 1 — 2. How many terms in the quotient ?
Is there a visible law in its formation ?

36. If A=m'+m*n*+n4 B=m*—m*®+n*, and C=m*—n4,
what is the value of ABC +A—;—§ —-C?

37. Square 2y +yz+2z, ¢+ vy, and a £ 5.

38. Reduce a5 a:’2 y’+ ¥ to its lowest terms.

39. Square 37 expressedv as (40 —3); 41, as (40+1);
99, as (100 — 1).

o 2 x
40. Simplify +-4 .
1.1, 9 4_=
z Y z y
a4 b?
. . b a?— b2
41. Simplify TT X S
b a

42. Show that (m+n)(m+n—1)=m(m—1) +2mn
+n(n —1).

43. If the value of  obtained by solving a problem will
satisfy the equation formed, but will not satisfy the condi-
tions of the problem, where is the error ? '

44. Given, ax —b(x—1)—c¢=0. Find the value of a,
substitute it for #, and prove the equation.
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45. Multiply a®+ 8® by a —b and divide by a+b; or,
divide a®*+%® by a + b and multiply by @ — . Is there an
advantage in either order ?

46. Given, (#*+a'y+xy*+3*)+(2+y). Group the terms
so that the division may be done by inspection.

47. By inspection, divide: (a+3)'+¢' by a+b+c;
(a+bP—c by a+b—c; (a+b)*—c* by (a+0)*—

48 Expand [a® — (a — b)x — ab][a’ + (a + b)x + ab], and
express the product in two factors.

49. Given,

b —c)+b(c—a)+Fa—d)+B—c)(c—a)(a—b)=0.
Is the equation true ?

50. What must be added to (z+y+2)* tha.t the result
may be (x —y —2)*?

51. By inspection, divide both members of the given
equation, 11 a’ (a + b)* = a® 4+ ¥® + 3 ab(a + b), by (a+ b).

62. If (a+4)(a+ 3) = a*+ 7 a+c¢, what is the numer-
ical value of ¢ ?

53. Arrange —a+b+c+d and a—b+c+d as a sum
and a difference, and obtain their product by inspection.

54. Can 4 (ab + cd) be obtained by simplifying

(a+bd+c—d)(a+bdb—c+d)+(a—bd+c+d)(—a+b+c+d)?

56. The higher powers of what numbers are less than
their base ? What powers of numbers and of their opposites
are the same ? ‘ .

56. Factor: 9+4+2?—62; z+4+2*—6; —b+a’

57. Factor: 2bc+c*+b*—2ab+a®— 2 ac.

58. Factor: 5(a*—b)+10.a—0+ c(a’ 2 ab + ).

2 _4z 4 @ q
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60. Factor: azx+ay+br+dy; cm+cn—dm—dn;
em+2¢c—3m—6; a*—b65a—3a+15.

61.
(@17 (@ +2y+17) (£ — 1) (2 —9) (@3 +9%) (B -2y +9°) (—9) (2 +9)

@ —15) (@t —9*) (z—9)?

Determine by inspection the simplest form of the given
fraction. .

62. What is cancellation ?

63. Express the ratio g—i in another form, with terms

m times as large; with terms } as large; with terms 1
as large. Does the relation of ac to do remain the same ? ? "

64. What is the common difference in a series of con-
gecutive even numbers? In a series of comsecutive odd
numbers ? Represent a series of five even numbers, n
being the middle number, and a series of five odd numbers,
p being the middle number.

65. What are the prime factors of the coeﬂiclent of the
fifth term of (M — R)*?

ac + bd 4+ ad + be
af +2bx+ 2ax + bf

87. Divide a into two parts, such that the second part
shall equal m times the first part plus =.

66. Reduce to its lowest terms.

68. Form the proportion required in the statement:
*“The product of two numbers is 96; the difference of
_their cubes is to the cube of their difference as nineteen
is to one.”

69. Find by inspection the H.C. F. and L. C. M. of the
numbers in each of the three following expressions:
(2z—4)Bz—6); @*—9)(22—6); 4x—8)(5x—10).

70. Find the difference of the squares of the two odd
numbers 2a+41 and 2b41; also the difference of the
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squares of 1 —4c¢ and 1 —4d; of (11)*and 9 'What one
of the digits is a common factor of the differences ?

71. Given, (a® — b%)* =(a® + b%)—ab. Factor the groups;
substitute 1 for a 4 b. What identity results ?

72. If 7(x —y) =3 (x + y), which is the greater, z or y ?

78. Compare the coefficient of the middle term in the

expansion of (p — q)* with the sum of the coefficients of
the two middle terms in the expansion (R — B)®

74. Express the product of '+ 6 — 72, T2z —18 4%,
#® — 1 in their prime factors.

76. “The sum of any two consecutive whole numbers is
equal to the difference of their squares.” Let =, =41,
x4+ 2, 2+ 3 be four consecutive whole numbers, and test
the statement by three trials.

76. Given + 10a%? a term in a power of a binomial.
Write all the terms of the power.

77. The sum of three consecutive whole numbers exceeds
the greatest of them by 19. What are the numbers ?

78. If the sum of two numbers is 20, and their difference
is 6, what are the numbers ? If the sum of two numbers is
m, and their difference is n, what are the numbers ?

79. @4+ 32% + 32y + 4 is a homogeneous expression.
Of what degree is each term? Are the terms of every
power of ¢ + y of the same degree ?

80. Define: (1) algebraic notation; (2) formula; (3) sym-
bols of number; (4) symbols of operation; (5) principle;
(6) conditions of a problem; (7) solution of a problem;
(8) solution of an equation.

81. What is a science? What is mathematlcs? ‘What
is Arithmetic? What is Algebra ?

.
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PROBLEMS LEADING TO SIMPLE EQUATIONS

48 1. A gardener planted 25 dahlias in 5 rows, each row
having 2 less plants than the preceding row. How many
plants were there in the third row ?

2. In a bookcase there are 117 books. How many vol-
umes of the encyclopedia are on one shelf if 11 times one-
half the number equals the remainder of the books ?

8. How many canoes were there on the river if the
product of 7 and the number, less the sum of the number
and 7, is five times the number ?

4. How many Japanese lanterns were lighted if the sum
of one-fourth and one-fifth of the number is 5 less than
one-half of the number ?

5. How many passengers are there inside the coach if
three times the number less 9 equals the number on top,-
and there are in all 16 persons, including the driver ?

6. What is the date on the Boston Stone if oneninth
of the number of years added to 193 equals one-third of
the number of years less 193 ?

7. Benjamin Franklin lived from 1706 to 1790. How
old was he when he entered the Boston Latin School if
nine times his age at that time added to 12 years equalled
his age when he died?

8. In what year is it probable that La Salle was at the
site of Chicago? If to the number of years two-thirds of
the number is added, the sum will be 557 less than twice
the number.

9. A man bought a boat which he repaired and painted,
at an expense of $180. He paid for repairs and painting
one-half as much as the boat cost. What did the boat cost ?
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10. Some boys camped in the Maine woods. A few
boys had an accident; four were ill. Those who had na
accident and were not ill were two-thirds of the whole
number, and the whole number was nine times the number
that had an accident. How many boys were there ?

11. Three fishermen went out for fish. The second
caught five-thirds as many as the first; the third caught
one and one-eleventh times as many as the first, who said
his number was the same as the number of years in his age.
The number they all caught was eight less than four times
the first’s years. How many did each catch ?

12. Find two consecutive numbers such that the fourth
part plus the fifth part of the less equals the third part plus
the ninth part of the greater.

13. A fisherman caught sixty-four lobsters. He found
some lobsters less than ten inches long, and he threw them
back into the sea. He kept twice as many as he threw
back. He gave-away one-third as many as he kept, and
sold thirty-one. How many did he give away ?

14. A man left his property to be divided among his
three children. The share of the eldest was twice that of
the second, and the share of the second was twice that
of the youngest. The eldest received $2100 more than
the youngest. How much did each receive ? -

15. A man can walk a certain distance in four hours. If
he were to increase his rate by one-fifteenth, he could walk
one mile more in that time. What is his usual rate ?

16. A little girl who sold flowers traded with one who
sold oranges. Of roses at the rate of two for seven cents,
and pinks at the rate of four for five cents, she gave the
same number. She received two-thirds as many oranges at
three cents apiece as she gave flowers, and the orange girl
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owed her two and one-fourth cents, How many oranges did
she get ? If she had given two less pinks, how much would
she owe the orange girl ?

17. If the sum is 20 and the difference 6, what are the
numbers ? If the sum is m and the difference », what are
the numbers ?

18. There was food in camp for a certain number of men
for 6 days. Five more men came and the food lasted but
4 days. How many men at first ? Suppose there was food
for the men for p days; that » more men came; that the
food lasted only g days. How many men later ?

19. A bootblack earned $9.65 in one week. The number
of men and of boys who had a “5-cent shine” were as 23: 11.
The number of men who had russet shoes dressed at 10 cents
a pair was two times the number of boys who had a ¢“shine,”
and the number of girls who brought him their russet shoes
was five less than the boys who had a “shine.” One girl
gave a quarter, and did not take change. How many girls
patronized the bootblack ? :

20. On the lower story of a building there are 24 panes of
glass in each window ; on the next story there are 20 panes;
on the next, 16 panes. The ratio of the number of windows
of the three kinds is 4:2:1. The whole number of panes
lacks 32 of being nine times the L. C. M. of the sum of the
panes in three windows, one of each kind. How many
windows are there ?

21, A newsboy received a number of papers on Thurs-
day, of which he sold one-half. He received 5 less on Fri-
day, and sold one-third of them. On Saturday he received
5 more than he received on Thursday, and sold three-fifths
of them. He sold thirty papers. How many did he sell on
Saturday ? .
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22. A boy slid down hill in a certain number of minutes.
It took him seven-thirds as long to walk up, and it took
seven-ninths of an hour to make eleven round trips. How
many minutes were required to slide down ?

23. Two men started at the same time, from the same
place, and travelled in opposite directions. One travelled
at the rate of 20 miles a day, the other at the rate of 30
miles a day. Their roads met after they had made a ecir-
cuit of 300 miles. How many days did they travel ?

24. Together two persons, E and F, earned $3000 a year.
At the end of five years they had saved $6000. E spent
each year $200 more than F spent. What did each spend
annually ?

26. A girl tried at home 35 recipes taught at the cooking-
school. One-half as many compounds were burned as were
underdone, and four-thirds as many as the number burned
were poor because she had forgotten directions; and one
was lost because she spilled the milk required for it. Her
successes were three-fifths of the number of recipes. What
number were poor ?

26. A history has a certain number of maps, 3 more than
one-half as many illustrations as maps, one-fourth as many
portraits as maps, and as many autograph letters as por-
traits. These occur separately on 59 pages. How many
maps are there ?

27. The average price of each reading book in a series
of five books is 45 cents. The difference in price between
two consecutive readers is one dime. What is the price of
the fifth-grade reader?

28. If one number is subtracted from another number
the difference is 7; if the second is divided by the first the
quotient is 7. What are the numbers ? Verify the result
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29. The length of the road is 5000 units. The perimeter
of the cart wheel is } plus a certain number of the same
units. A teamster ordinarily requires 64 minutes for the
distance, but for a very heavy load he requires one hour and
one-sixth. The longer time allows one second more for the
revolution of the wheel. What is the circumference of the
cart wheel ?

30. A boy can shovel the snow from a sidewalk in b
hours; and his brother, in ¢ hours. In what time can both
together shovel it ?

31. A shepherd boy said that if he had 35 less sheep to
watch, he should have three fifths of one-half as many as
he has now. How many has he ?

32. The difference. between the numerator and the de-
nominator of a fraction is 4. If 7 is added to each term, the
fraction equals §. What is the fraction ?

33. If a fraction is reduced to its lowest terms, it is %

If p is added to the numerator and ¢ to the denominator, a

fraction will be formed whose value is 1, What is the.
fraction ? "

84. A cistern is one-third full. If 31 gallons of water are
poured in, it will be half full. How many gallons will the
cistern hold ?

35. The perimeter of a square is 44 feet more than the
perimeter of another square. The former has 187 square
feet in area more than the latter. Find the length of a side
of each square.

36. The circumference of a wheel is m feet; of a smaller
wheel, n feet. In going a certain distance the smaller wheel
makes 7 revolutions more than the larger makes. What is
the distance in feet ? In rods?
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87. The fore wheel of a carriage makes the same number
of revolutions in going 400 yards that the hind wheel makes
in going 475 yards. The circumference of the hind wheel
is 3 feet greater than the circumference of the fore wheel.
‘What is the circumference of each wheel ?

38. FEighteen coins, half-dollars and quarter-dollars,
amount to $6.50. How many coins of each kind?

EXERCISES IN THE CONSTRUCTION OF PROBLEMS. II

49. In constructing problems make short, clear sen-
tences; ask a definite question; solve the problems when
they are complete; verify the equations; verify the state-
ments of the problems.

The statements of a problem must be reasonable. If the
correct solution of the equation leads to the conclusion that
five and one-half men dug a ditch, or that a boy is older
than his father, the problem should be reconstructed.

Construct problems from the suggestions which follow.
If insufficient facts are called for in any one of the groups
of questions, further inquiries should be made. If any
statement is superfluous, it may be omitted. Answer the
questions with consistent numerical numbers; be sure that
an equality can be formed; decide which numbers shall
be known and which unknown; write the problem.

1. What did your pocketbook cost ? How many dollars .

and how many dimes are in it now ? How many times the
cost of the pocketbook have you spent ? How much was
the pocketbook with its contents worth before you went
shopping ?

2. How many fishing sloops can you see from the pier ?
How many yachts ? How many more dories than yachts?
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How many times as many sloops as yachts equals the prod-
uct of the sum and the difference of the yachts and the
dories ?

3. What was the ratio of the number of boys who voted
for a race to the number who voted for baseball? How
many boys changed their vote so that the terms of the ratio
were reversed ? .

4. What was the ratio of the number of spearmen to
horsemen to light-armed archers ? How many men in the
battle ?

5. What is the ratio of the number of words in the
first stanza of “ Hail, Columbia ! ” to the number of words
in the first stanza of “ America” ? How many stanzas in
each poem ? '

8. There are 268 words in Lincoln’s Gettysburg Address:
196 are of one syllable, 46 are of two syllables, 26 are of
three or four syllables.

7. How many bushels of sweet potatoes did Uncle Tom
raise ? How many bushels of peanuts ? How many cents
did he ask for a gourd ? He sold five gourds, and set the
prices of his potatoes and peanuts at a certain number of
times what he received for the gourds. He sold enough
bushels of potatoes to bring him the same sum that his
peanuts and gourds brought, and a number of dimes besides.

8. At what rate did a boy buy apples ? At what rate
did he sell one-half of them ? At what rate did he sell
the other half? How many cents did he gain? How
many apples did he buy ?

Materials are always at hand; but the work of con-
structing problems of a kind easily solved need not be
long continued.



IX. Problems Leading to Simultaneous

Equations

50. Ezample A. If the first of two numbers is mul-
tiplied by 7, and the second by 2, the sum of the
products is 47. If 4 times the second is subtracted
from 5 times the first, the remainder is 1. Find the

numbers.
Let 2 = the first number,
y = the second number.
Tx4+2y=47) (1)
brx—4y= 1) (2)
142 +4y=94 (8) Equation (1)x 2.
bx—4y=1 (2)
Add Eq. (8) and Eq. (2)
19z2=95 4)
z=56 (b)
86+ 2y =47 (6) Value of z substituted in (1).
2y=12 (7)
=6 (8)
Verification :
7.642.6=47 Values of x and y substituted in
6.6—-4.6=1 Equations (1) and (2).
47 =47
1=1
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Ezample B. There are two numbers: 85 times the
first plus 17 times the second equals 86 ; 56 times the
first minus 18 times the second equals 17. What &re
the numbers ?

Let 2 = the first number,

y = the second number.
86x+17Ty= 8 (1) 8b6=56x7
66z —18y= 17 (2) [56:8)(7
280z + 136y =688 (3) Eq.(1)x 8.
280x —65y= 86 (4) Eq.(2)xb.

201y =608 (5) Dif. of (3) and (4).
y= 38 (6) Substitute in Eq. (1).
86z + 61 = 86 (7)

3%bz= 36 (8)

z= 1 (9)
Verification : 85.1+17.-3= 86 86 = 86
66.1—-13.8= 17 17 =17

In each of the examples (a) and (b) there are two con-
ditions, each condition leading to an equation. From the

algebraic statement, 7x+ 2y=47, an expression for z
47— 2y
7

may be obtained, ¢ = ; but the expression is not a

value of =, since the expression contains the unknown y.

47 ; 7 £ and y is also indeterminate,

In the same way, y =

its value depending upon the value of <.

TEST P

1. Find expressions for # and y from the algebraic
statement of the second given condition in example (b).
Can the value of either of two unknown numbers be
obtained from one equation? Reasons ?

H
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2. In the solution of example (A), why are the terms of
equation (1) multiplied by 2 to make equation (3) ?

'8. Why are equations (2) and (3) added ?

4. When the value of one unknown is found, why is it
substituted for that unknown ? Why by preference in one
of the given equations ?

5. In example (B) why are equations (1) and (2) multi-
plied respectively by 8 and 5? TUnless one multiplies by
the given coefficients, as 56 and 35, how sha.ll one know by
what numbers to multiply ?

8. If one wished to obtain from equations (1) and (2)
an equation without y, by what numbers should (1) and
(2) be multiplied ?

7. Why is equation (4) subtracted from equation (3) ?
If y was to be removed, would (4) be subtracted from (3)?

8. Does the proof show that the same values of « and y
will satisfy both equations ?

9. What is the meaning of simultaneous? Of ¢simul-
taneous equations” ?

10. If adding two equations causes two terms which

contain one of the unknown quantities to become zero, what
has been done in regard to this unknown ?

11. What is the meaning of the word eliminate ?# What
is its derivation ?

12. If 52— 3y=11 is added to 5a:+3z—26 will an
unknown number disappear ?

13. If 52—3y=11 is subtracted from 52+ 3z= 26,
can the value of either y or z be found from the new
equation ?
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14. Can the value of two unknown numbers be found
from one equation ? Can the value of three unknown
numbers be found from two equations ?

15. If the coefficient of one term in an equation is mul-
tiplied, must all the terms in the member be multiplied by
the same number ? All in both members ?

16. If the terms to be eliminated are 7« and 5z, what
must be done ? If they are 6z and 3z ? If they are 28 =
and 63z ?

17. If the terms to be eliminated are 45« and — 52,
what must be done? If they are + 8y and +8y? If
they are — 7z and — T« ?

18. If the coefficients of the unknown to be eliminated
are 96 and 60, what common factor could be rejected in
finding multipliers ? What factors prime to each other
would be used if the coefficients were 85 and 68 ?

19. Given, 22+ y=11 and 6+ 3y=33. What fol-
lows if an attempt is made to eliminate either unknown ?
Are these equations derived from independent conditions or
is there but one equation in two forms ?

20. In example (A4) which equations express conditions
of the problem ? Which equation is derived from another ?
In example (B) which equations express conditions ?

21. Which of the equations in the solutions of the two
problems may be called independent ? Dependent ?

22. Given, 3x—2y =12 and 3z +2y="7. Is either
of these equations derived from the other? Solve the equa-
tions. Now find by #rial what positive whole numbers will
satisfy each equation. How many values of  and of y in
the two equations ?
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23. If positive integral values are required for z and y,
are the preceding equations consistent ? If a person forms
two inconsistent equations from a problem, where may the
error be ?

24. A man bought 3 live animals, 2 cows and y sheep.
The number of cows less the number of sheep is 9. Are
the equations satisfied by the results, =6, y=—3? But
the results are not reasonable. 'What may be done ?

25. Write a rule for solving simple simultaneous equa-
tions having two unknown quantities.

PROBLEMS

51. 1. If from seven times a father’s -age eleven times
the age of his son is taken, the remainder is 154 years.
How old is each if two times the son’s age is equa.l to what
the father’s age was thirteen years ago ?

2. Find the fraction which becomes equal to § when 2 is
added to the numerator, and equal to 4 when 4 is added to
the denominator.

3. Find the fraction that becomes equal to 2 when 15 is
added to the numerator, and equal to } when 3 is added to
the denominator.

4. There is a number of two digits which is equal to
seven times the sum of the digits. If from the number
18 is subtracted, the remainder will equal a number formed
from the same digits in reverse order. Find the number.

5. If 9 is added to a number of two digits,the digits
change places. The sum of the two numbers is 33. What
are the digits ? 'What are the numbers ?
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8. One-third of the sum of two numbers is 31, and three
times their difference is one-third of 171. What are the
numbers ?

7. Two boys met on the highway. One had walked at
the rate of 4 miles an hour, the other at the rate of 4} miles.
They found that they started from towns 64 miles apart,
and that if each had walked at the other’s rate they would

have accomplished one-half mile less. How many hours

was each on the road ? '

8. How much apiece are oranges and apples when 15
oranges and 9 dozen apples cost $1.92, and 3 dozen oranges
and 50 apples at the same rate cost $1.47 ?

9. Two girls have the same number of exercises. The
first does twice as many as the second, and together they
do 27. How many does each perform ?

10. How many of each if a certain number of trout and
perch equals 108, and one-half as many trout and 11 times
as many perch make 75 ?

11. A storekeeper sells in one day 9 balls and 1 bat, and
receives for them $2§. The next day he receives $2.25 for
3 balls and 3 bats. What is the price of each ?

12. A girl has a fractional part of a dollar. If to the
numerator of the fraction 3 is added, and from the denomi-
nator 3 is subtracted, the fraction will represent $2. If 2
is added to both numerator and denominator, the fraction
will rel;resent 90 cents. How many cents has she ?

18. If A can do a piece of work in 7 days, what part of
it can he do in 1 day ? What part can B do in 1 day if he
can do the whole in 6 days? What part of the whole work
can both do in 1 day ? If they can do 1} in one day, how
long will it take them to do 4 ? What does 4%, or 1, rep-
resent ?
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14. A can do a piece of work in z days, B can do it in y
days. What part can they both do in one day? If they
can together do it in 4 days, what part can they do in 1
day ? The difference between the fractions representing
what A and B can do in one day is yy. How many days
will each require if he does the work alone ?

[In solving the equations of this problem is it better to eliminate
without clearing the equations of fractions ?]

15. A worked 24 days, B worked 12 days, and they fin-
ished a piece of work; but if A had worked 6 days and B
10 days, they could have done only one-half of it. In how
many days could each have done it alone ?

16. C and D can do a piece of work if C works 3 days
and D works 2 days. If C works 4 days and D 1 day they
will do {4 of it. How many days does each require when
working alone ? '

-17. The playground contained 3500 square yards. It
was enlarged by making it 5 yards longer and 3 yards
broader. Its area was then 3975 square yards. The width
of the old plus the length of the new playground is 125
yards. What were the original dimensions ?

18. Find two consecutive even numbers the sum of whose
reciprocals is }§. The sum of 18 times one reciprocal plus
7 times the other equals 2.

19. Two men could do a piece of work in 3 days; but
after they had worked together one day A left, and B fin-
ished the work in 4 days more. How many days does each
require when working alone ?

20. Two persons, C and D, could finish a work in p days;

‘ they work together ¢ days, when C is called away, and D
finishes it in » days. In what time could each do it alone ?
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21. A boy bought 5 dozen oranges for $1.00. He sold
them some at the rate of 2 for 5 cents and some at the rate
of 3 for 10 cents. He gained 80 cents. How many of each
kind did he sell ?

22. There are ten consecutive odd numbers. The sum
of the first and the last is 60; the sum of oneseventh of
the first and one-third of the last is 16. What are the
numbers ? How many times the common difference in the
second number ? In the tenth number ?

23. On her birthday a girl put some money into the
savings bank. The next birthday she deposited another
sum. The difference between seven times the first sum
and two times the second sum was $27. When her money
had gained one-fourth of itself she had $11.25. What were
the sums deposited ?

24. A brother and sister who had been to the “Zoo”
found that the number of animals and birds which they had
fed with peanuts was 77, and that & of the number of ani-
mals plus 41 of the number of birds was }{ of the whole
number. How many birds were there ?

26. In the air, “ Roll Jordan, Roll,” the eighth notes are
in number 1} of the number of quarter notes. The number
of eighth notes less the number of sixteenth notes equals the
number of quarter notes less 2. There are two half notes,
and the whole number of notes is 48. How many notes of
each kind ?

52. PROBLEMS LEADING TO THREE SIMULTANEOUS
EQUATIONS
Ezample A. A girl who had three kinds of candy
wished to give her sister 34 pieces. She tried three
groups. In the first she put all of the first kind and
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one-half of the second and one-half of the third; in the
second group she put all of the second kind and one-
third of each of the other two; in the third group she
put all of the third kind and one-fourth of each of the
other two. How many pieces of candy had she ?

Let =, y, and z represent the number of pieces.
e+liZ= 2 1) 22+4+6y+22z= 204 (7) Eq.(5)x2

22 27+ y+ 2= 68 [0))
§+y+§= 34 (2) 6y+ z= 186 (8)
. z4+3y+ z= 102 ()
tite=3  (® 24 yi4.— 136 )
2y—82=-384 ®
22+y+z= 68 (4 16y+32= 408 (10) Eq.(8)x3
z+8y+2=102 (5 2y—8z=-34 9
17y= 874 (¢1))
z+y+42=188  (6)
y= 22 12)
44.—3:;:—34
Ver.: 10+2’3+4‘l= 34 —82=-178
10422 438 = 34 2= 26
10432426= 34 z+114+18= 84
The girl had 68 pieces of candy. z= 10

In solving the equations of Example A4 two combinations
are made for the purpose of eliminating «.

The terms of Eq. (5) are multiplied by 2, making Eq. (7).

From Eq. (7), Eq. (4) is subtracted, and there results
Eq. (9) with two unknown quantities.

Eq. (6) is subtracted from Eq. (5) and Eq. (11) results.

The two new equations are combined and z is eliminated.

The value of y is substituted in Eq. (9) and the value of z
is found. The values of y and z are substituted in Eq. (1)
and the value of « is found.
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Ezample B. The sum of the reciprocals of three num-
bers is {. If the second reciprocal is subtracted from
the sum of the other two, the remainder is ;. If the
third reciprocal is subtracted from the sum of the first
and second, the remainder is }}. What are the num-
bers ?

Let z, y, z be the numbers.

1,1,1_7
Z4 4= (1
x+y+z T (O]
1_1,1_3
2 ;+z_10 (2) Add Egs. (1) and (2)
1,1 1_11
S4=2—=== (8) AddEgs. (2
x+y 2= @ qs. (2) and (3)
2+2=1 @
z z Substitute values of z and zin (1)
2_2 1,1,1_7
== b S o=
23 ® sty T6~10
2=38 Subst. in (4) y=>5
z2=6 The numbers are 3, 5, and 6.

In example A and example B the first three equa-
tions follow the order of the conditions of the problem.
and the connection between the problem and its alge-
braic interpretation is apparent.

In the solution of problem C, page 106, the conditions
are considered in reverse order. Is it apparent that
equation (7) states the first condition of the problem,
and that equation (4) states the second condition ?

Rewrite this solution of C': state the conditions in
their order; make (1), (2), (8) mean something more
than order of writing; simplify the statements in order.
Observe the equations that are statements, that are
simplified statements, that are derived fromn statements
or from statements simplified.
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Ezample C. Find a number the sum of whose digits
is 13. If 4 is subtracted from the number, and the re-
mainder is divided by the sum of the two left-hand
digits, the quotient is 20. If 297 is added to the number,
the sum will be a number of the same digits reversed.

Let 2, y, and z represent the digits.
100 z + 10 y 4 z = the number.
1002 4 10 y 4 z = a number with the digits reversed.

10x+ 10y +2+4297=1002+ 10y + = (¢))
992 — 9092z =— 297 @)
z—2z=-38 3)
1002+ 10y +2—4_o @
z+y

100+ 10y +2—4=20x+20y (6)
80z—10y+2=4 (6)
z+y+e=13 } )
. z-2=-38 ®
MWr—-11y=-9 (8)
22+y=10 )

z=1

y=8

z=4 The number is 184.

TEST Q

1. In general how many equations does a problem require
for its solution ? :

2. How many combinations are made with three equa-
tions in order to eliminate one quantity ? With two
equations? With four equations? How many new equa-
tions result from combinations compared with the number
of equations expressing the conditions of the problem ?
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8. Why must the same unknown be eliminated in each
combination of the given equations ?

4. Equations may be solved as many times as there are
unknown quantities, by beginning first with one unknown
and then with another. But there is generally a choice.
See Example 4, equations (4), (5), (6). Is there an advan-
tage in beginning with any one? In eliminating z, which
is a better combination, (1) and (3), (2) and (3); or, (1) and
(2), (2) and (3)? Why? [Ex. 4, page 104.]

6. In Example C is there a choice either in unknowns or
in combinations ?

PROBLEMS

1. A number is expressed by three digits whose sum is
19. Reversing the order of the first two figures makes a
number 180 less. Reversing the order of the last two
figures makes a number greater by 18. What is the
number ?

2. A and B together can do a piece of work in 23 days.
B and C can do it in 2% days, and A and C can do it in
24 days. How long will it take each alone ?

8. If 9 bushels of oats, 3 of rye, and 2 of wheat are
bought for $7.25; 6 of oats, 5 of rye, and 3 of wheat, for
$8.75; and 3 of oats, 4 of rye, and 5 of wheat, for $9,
what is the price per bushel of each kind of grain ?

EXERCISES IN THE CONSTRUCTION OF PROBLEMS. III

563. To understand clearly any class of problems,
one should endeavor to make the facts given seem
real, and should consider the possibilities of the class.
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(4) Suppose that a pond is a mile wide. How long
did it take a boy to row across? What is his rate (miles
an hour) in still water? How long did it take him to drift
down the river from his boathouse to the bridge, the
distance of a mile? What is the rate (miles an hour) of
the river current ? How long did it take the boy to row
down to the bridge in this current ? What distance could
the two forces (the rower’s and the stream’s) accomplish in
one hour? Going back, the boy’s rate was the same as
when he rowed on the pond; that is, he made the same
effort in pulling at his oars, but the stream, at its rate,
pushed in the opposite direction. What did the adverse
forces accomplish in one hour ?

Suppose that the boy rowed across the pond in fifteen
minutes, then his rate is four miles an hour. If it is
thought half an hour is a reasonable answer to the third
question, then the rate of the current is two miles an hour.
If both rower and current work in the same direction, they
can take the boat six miles down stream in an hour; if
rower and current work in opposite directions, the rower
- takes the boat up stream at the rate of two miles an hour.

There enter into a problem of this class, the distance;
the time required to row one way, to row each way, or to
row both ways; the rate of the current, understood to be
uniform ; the rate of the rower or of a crew, also supposed

to be uniform.
EXERCISES

Having the following numbers in mind, make as many
problems as possible involving two simultaneous equations:

The rate of the crew, 9 miles an hour; the rate of the
river current, 3 mil»s an hour; the distance in one direction,
12 miles; the time required to row down, 60 minutes; the
time required to return, 120 minutes.
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(B) Suppose that a hare had run across the field from
the stone wall before the dog got to it, and that he followed
until he caught her. The hare liad made many short leaps;
the dog had made longer leaps and fewer of them. When
he caught her they had gone the same distance from the
wall; he had measured the distance in his leaps, and she
in hers.

If these leaps can be reduced to feet, there will be two
expressions for the same distance, in the same denomination,
available for an equation.

1. Suppose that the hare was 50 leaps ahead of the dog;
that she took 4 leaps to the dog’s 3; that 2 of his leaps
were equivalent to 3 of hers (that is, one of his leaps was
three-halves of one of hers).

Let 4z =the number of leaps the hare made when pursued.
82 = the number of leaps the dog made.
a = the number of feet in one of the hare’s leaps.

3—2‘-' = the number of feet in one of the dog’s leaps.

50 @ = the number of feet the hare went before the dog started.
60 @ + 4z - a= the whole distance in feet.

8z . 8?a = the whole distance in feet.

9ax

—2—=4az+ 60a.
9ax = 8ax + 100 a.
z = 100.
4z = 400, the number of leaps the hare made while she was

pursued.

32 =300, the number of leaps the dog made in catching
the hare.
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2. A hare is ahead of a dog a distance equivalent to
90 of the dog’s leaps. The hare makes 5 leaps to the
dog’s 4, but 3 of his leaps are equivalent to 4 of hers. How
many leaps did each make before the hare was caught ?

Let 4 x = the number of leaps the dog makes.
bz = the number of leaps the hare makes in the same time,
a = the number of feet in one leap of the hare.

4_3‘1 = the number of feet in one leap of the dog.

90x—4§‘—’+5ax=thewholedistaneeinfeet.

4z. 4?“ = the whole distance in feet.

16 ax
3
16 ax = 156 ax + 360 a.

z = 360.
42 = 1440, the number of leaps the dog makes.

6 2 = 1800, the number of leaps the hare makes when she
is pursued.

=bax+ 120a.

In the following condensed problems are: (1) the number
of leaps the hare is ahead of the dog; (2) the ratio of leaps,
the hare’s number always the larger; (3) the equivalence
of leaps, the dog’s number the smaller; (4) the number of
times one hare-leap in one leap of the dog.

~ 1. Hare's, 650 ; 5:3; 1=2; 2.
2. 30; 4:3; 3==b; E 3
3 60 ; 7:6; 5=8; L.
4 120 ; 65:3; 1=2; 2.
b 60 ; 6:5; T==9; 5.
6 60 ; 9:6; 3==T7; ¥
7 63 ; 4:3; 5=9; 3
8. 60; 8:2; 8==T7; E3
9. Dog’s, 80; 8:2; 1=22; 2.

10. Dog'’s, 48; b:4; 517, 3
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EXERCISES

1. Write the equation directly from several of the skele-
ton problems. '

2. What would be the result, the other conditions re-
maining, if the leaps of the hare and the dog were equal ?
If the number of leaps was the same ?

8. Write problems from skeletons 7, 8, 9, 10, omitting (4),
the number of times one hare-leap in one leap of the dog.

4. Construct other problems having similar conditions.
Consider the number of the strokes of two rowers in a
given time, the number of equivalent strokes in a given
distance, etc.

Construct any problem of pursuit.

(C) Ezample 1. At how many minutes after IIII
will the hands of a clock be together ?

Let M represent the minute hand, and H the hour hand.

(1) How far apart in minute-spaces are M and H at IIII?
(2) How much faster than H does M move ? (8) If z represents the
number of minute-spaces M passes from its position at XII until the
hands are together, what will represent the number of minute-spaces
H passes over in the same time ? (4) If this fraction is added to 20,
what will the sum represent? (6) What has been made to represent
the same distance ? (6) Express the equality.

Ezample 2. At how many minutes after IIII o’clock
will the hands of a clock be at right angles, or fifteen
minute-spaces apart ?

There will be two solutions: the hands will be fifteen
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minute-spaces apart before M passes H, and again after
it passes H.

di
<

Let z equal the number of minute-spaces M passes before the hands
are at right angles, and let % represent the number of minute-spaces

H passes in the same time. Then M is z minute-spaces from XII,
and H is 20 + — mmuw-spaces from XII. The diﬁerence between
their positions i m 15 minuw-apaces hence, z =20 + — —16.

When M has passed H, it will be 156 minute-epaces farther from
XII than H will be ; hence, z=20+%+15.

(a)x=20+1_“2-15 Q@ (b)z=20+%+15 Q)
122=240 +2—180  (2) 12z = 240 + z + 180 @)
z = by min. after ITIL 2 = 884 min. after IIII.

Ezample 8. At how many minutes after IIII will
the hands of a clock be opposite each other ?

Let z equal the number of minute-spaces M passes, and let =
equal the number of minute-spaces H passes from
the ITII o'clock position before the hands are oppo-

site each other. H is 20+-1’i2 minute-spaces from

XII, M is 2 minute-spaces from XII, and there are
30 minute-spaces between them ; hence,

=20+ =% + 30.
z +5t

From this equation x = 5448, the number of minutes after IIII.
Let a represent the number of minutes between the hands at the
hour named ; then, a general formula for finding the number of min—

utes after the hour (1) when the hands will be together is z=a + ﬁ
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(2) when the hands will be at right angles, two cases, zx =a + 1—1; +16;
(8) when the hands will be opposite, one case, x=a + —1% + 80.

There are special instances to be considered :

1. At'what time between XII and I are the hands of a

clock together ? z=0+ %
2. At what time between III and IIII are the hands of
a clock at right angles ? r=154 % + 15.

3. At what time between VI and VII are the hands of

a clock opposite each to the other ? x =30+ livz- + 30.

(1) How is the result, z = 1%, to be interpreted ?

(2) Should the hands move at the same rate in order to
make the statements of problems 1 and 3, and one case in
2, possible ?

(8) From =30 +1_”2+30, =655, At what time,
then, after VI are the hands opposite ?

4. At what time between I and II, second case, are the
hands of a clock at right angles ?

(1) The hour-hand is how many minute-spaces from XII?

(2) How many additional minute-spaces must the min-
ute-hand pass that there may be fifteen spaces between the

hands ? w=5+1£2+45.

5. At what time between II and III are the hands of a
clock at right angles, second case ? Solve and explain,

=10+4-% 4 45.
z +i5t
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6. At what time between IX and X are the hands of a
clock at right angles? How many cases ? o

7. At what time between X and XI are the hands of a
clock at right angles? Solve and explain,

= z
a:_50+12:I:15.

8. At what time between XI and XII are the hands of
a clock at right angles ? z=05b+ % + 15.

9. At what time between XII and I are the hands of.a

clock at right angles? Explain, z =0+ 1—932- + 45.

10. Write all the equations required in finding at what
time after each hour the hands of a clock are opposite each
other.

When should 30, the number of minute-spaces between
the hands, be negative in these equations ?

11. At what time between IX and X are the hands of
a clock together ?

12. At what time between VI and VII is the minute
hand of a clock 5 minutes in advance of the hour-hand ?

13. At what time between X and XI is the minute-hand
of a clock 25 minutes in advance of the hour-hand ?

14. At what time between V and a half hour after V
are the hands of a clock at right angles to each other ?

15. At what time between II and III is the hour-hand
of a clock one minute in advance of the minute-hand ?



X. Problems Leading to Quadratic
- Equations
54. Fzample A. Find the length and the breadth of

a garden whose area is 6480 square feet, and whose
length is to its breadth as 5 : 4.

Let 6 2z = the number of yards in the length.
4 z = the number of yards in the breadth.

20 22 = 6480 '¢))
28 = 324 (2) Ax. R.
z=+18 3
5x=90 )
4x="T2 } ()

(1) Is equation (2) a simple equation ? Of what degree
is it? Why is it called quadratic? May it be called pure
quadratic ?

(2) Why is not the sign + given to = as well as to 18 ?
‘Write all the values of 4+« and of —z if + 2=+ 18.
Now divide the two equations which give the values of — «
by —1. (Ax.D.) How many values of « are there then ?
Is it necessary to give # the + sign ?

(3) Why take + 18 only as the value of « in getting the
dimensions of the garden ?

Ezample B. Subtract 1 from a certain number; add

1 to the number; divide the difference by the sum, and
115



116 Algebra

the sum by the difference. The sum of the quotients
is §. What is the number ?

Let z = the number.
x—1+x+1_5

=2 1
z+1 z-1 2 @
(=Dt (e+ 11=2E =D @
4@ +1)=5@—-1) ®
422 +4=5x22—5 )
®2=9 (5) Ax. R.
z=4+38 )
Verification :
+8-1, +841_5 —-8-1, -841_5
+8+1 +8—-1 2 —8+4+1 —3-1 2
2, 4.5 —4,-2_5
it372 2t =372
1,05 1_56
2273 2+2"2

Both + 3 and — 3 satisfy the equation. Does each num-
ber satisfy the conditions of the problem ?

AFFECTED QUADRATIC EQUATIONS

85. Ezample C. A man bought some cows for $144.
Twelve more cows for the same money would have cost
$1 less apiece. How many cows did he buy ?

Let z = the number bought.

-1-:—4 = the price paid for one cow.

144 . ias
=th .
Tt 12 e price paid if there were 12 more
44 144 _ o
x x+12
1442 4+ 1728 — 1442 =2 4+ 122 @)

2+ 122 = 1728 @®)
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The conditions of this problem produce an affected quad-
ratic equation, an equation which contains the second and
the first powers of the unknown. That # may stand alone,
equal to some number which is its value in the equation,
a number which satisfies the conditions of the problem, the
square root must be taken. (Ax. R.) But the first member
is not a square. It can be made a square. (Ax. A.)

The following examples call attention to what fact
in the structure of a trinomial square ?

1. #4+2yx+ 9 =:c’+2y.a;+(_2§ﬁ)’.

2. P+ 4244 =24+ 4.2+ P2
3. 2+ 3+ =2+ -z+@FxP
4. 4 jr+H=2+ §-2+Gx P

EXERCISE 46

Add a term to each of the following numbers, and make
of each a trinomial square, expressing the third term as in
the above examples:

Lo#the 8. #4322 g5 p_ B2
2. 2—Tzx 10 6
3. #—}a 9. 2?2z 16. 22— azx
4. -2 10. z’—%—‘” 17. & + b

5 18. *—2cx
5. 2+ 11. 2 —1002 i

2 25 2 12. ©*— 68z 19. 372'—_3'z

6. —-==

6 13- w’+2500x 20. x’—(a+b)m
7. #—-3%” 14. w’+71—§ 21. 2’4+ (p—q)»
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EXERCISE 47
Complete the square and preserve the equation :
42 _ 55
Ezample. w’—?_:s
4z, (2\_b5 , (2V
w5+ =5+6)
z_15 11z 1
L #+3=% 6 #-T7 =%
3z__2 2z _ 1
2. B4+"==2 . = =1z
t5 =5 A T T
2z Yo 121
3 + 3 8 3 3
42 4 25 x 7
4, ©’—""== 9. "=
3 3 6 2
z_1 72_15
5. a:’—é-_3 10. 2*+ =1
EXERCISE 48
Complete the square, preserve the equality, and simplify :
Ezxample. z'—%”:

1o, ATV _,  (17V
-+ (5) =2+ (%)

17z, 1T\ _72 289 361
”'_T’L(’E) =36136 " 36
1. #4+22=8 | 1. x,+g2_ac=2_8_
2 P—6x="T 3
8. o —dz=12 8. mﬂ+§=%°
4. P?+4x=5 29
9. #_292__T
5. @+ bx=14 9 6
14« x 3
6. +=2%_11 ) & _9
+5 10. ot k=2
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EXERCISE 49

Take the square root of both members and find the
values of z.

3z, (3\*_289
Boample.  #+50+(7) =T
3_, 17
Ty
17 8 7
=AY U2
9,-=_l4?_4§=, or —5
Lok @) g 102, o) 11
2. @#—102+ (5)*=1 3 3 9
4z, (2\_169 Nz, 11\ 361
3. ”2_?"'(5) =3 10. #*+4 5 +<10 ks

4 F-62+@)=—4 ac’—7w"'(z)’=g
5. *—224+1=16 4

. 4 ’=
6. a:’+19m+(1—9>2_—_-@ 12. #*+14z 4 (7)'=81
2/ 4 w,__23w+<23>’=1369
7. @ —dot(2)=4 ' 6 '\12) 14
8. z’__3 +(_6> = 35 14, #* 259:-}-(_2) ==

EXERCISE 50

Solve the given equations:

1. —2="T2 4 pyp192_4
2. 2 —9z=220 5 b

2a_ _8z_21
3. #—?_32 5. o ===
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6 ¢3+%’=5 11. 2*—22=8
12. $2—5Z=—6
Tx_15
T A= 18. 2*—2=6
s xﬁ—‘E:Z 14. (t’—-423=5
| 8 8 15. 2+ 5ax=—6a
9. @»—112=0 16. 2*+px=6p°
10. #*—32x=—2 17. 22— 2azx=>b —a?

56. Ezample A. Ten times a number minus the
square of the number equals 21. Find the number.
Let z = the number.
10z—22=21 (1) or +422-10z=-21 (2)
The square root of — a* cannot be taken; hence the
members of the equation must be divided by —1. (Ax. D)

FEzxample B. Three times the square of a number
plus seven times the number equals 110. Find the
number.

Let z = the number.

8214+ 72=110 (1) x’+%‘=% )

The method of solving an affected quadratic equation
taught in the preceding exercises requires that «? shall be
positive, and its coefficient 1. Hence the members of
equation (1) are divided by 3.

PROBLEMS LEADING TO QUADRATIC EQUATIONS

1. A certain number of barrels of apples cost $48.
If there had been 4 barrels less for the money, each bar-
rel would have cost $1 more. How many barrels were
there ?
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L

2. Two boys can do a piece of work in one-fifth of an

hour. The older boy requires ten minutes less time than

the younger requires to do the work alone. How many
minutes does the younger need ?

3. How many U.S. senators were there in 1796? If
the number of senators less 7 is multiplied by 1 plus one-
fourth of the number, the product is 225.

4. The square of the number of men from Pennsylvania
who signed the Constitution of the United States equals
three times the number plus 40. How many men were
there ?

5. Five times the square of the number of Virginia men
who signed the Declaration of Independence plus three-
sevenths of the number equals 248. How many Virginia
men ? ' '

6. The square of the number of thousands of Indians
in the United States plus twice the number of thousands
equals 63,000. How many thousands are there ?

7. Twenty times the number of letters in the title of
a newspaper minus the square of the number equals 96.
How many letters in the name ?

8. The United States bought land of France for a cer-
tain number of millions of dollars. One hundred times the
number minus four times the square of the number is 600.
How many millions were paid ?

9. If forty-seven sixths of the sum on the face of a

piece of continental currency is added to the square of that
sum, the amount will be $ 1}. What is the face of the note?

10. What was the number of stars on the United States
flag July 4, 1836 ? Four times the square of the number
minus twenty times the number is 2000.



122 Algebra

11. A pony travelled 30 miles at his ordinary rate; but
if he had gone one-seventh of a mile more per hour he
would have gained 10 minutes in the journey. His rate ?

12. Find two numbers whose sum is 20, and whose prod-
uct is — 525.

13. There is a number whose digits, beginning with
units, are consecutive. The product of the units’ and tens’
figures, plus the product of the tens’ and hundreds’ figures,
equals the sum of the figures plus 20. What is the number?

14. The denominator of a given fraction is greater than
the numerator by 2. If b is added to each term, the second
fraction will be greater than the first by onefifth. What
is the given fraction ?

15. A man increased his rate of walking by 3 furlongs;
again he increased his first rate by 6 furlongs. He found
that by the third rate he could walk 18 miles in eight-
fifteenths of an hour less than by the second rate. How
many furlongs an hour was his first rate ?

16. The square of one-sixth of U. 8. Grant’s salary in
1861 taken from twenty times the salary leaves $2000.
How many dollars did he receive a year ?

17. How many years after 1800 was Boston made a
city ? Three times the number of years added to the square
of the number equals 550.

18. How many colleges were there in Massachusetts
when twenty times the number less the square of the num-
ber was 84 ?

19. What was the weight of ¢ the largest piece of gold
ever found in California,” if the square of one-fifteenth of
its weight less three-fifteenths of its weight was 130 pounds ?

(Let 15 = the number of pounds the gold weighed.)
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57. (1) Given, (z—2)(z+56)=0
The product being zero, one of the factors is zero or
both factors are zero.

If z—2=0, z=2.
If z+5=0, z=-5.
(2) Given, . #A—-8z=-15 (¢))
2—-8z+4+15=0 (2 Ax. A
(z—8)(z—-56)=0 ®

Factor the first member of (2). Suppose each factor
in turn to be equal to'0.

z—8=0, 2=38.
z—5=0, 2=5.
Substitute 8 for z in (1) '
. 9-24=-15
Substitute 5 for z in (1)
256—40=—-15

Hence the results satisfy the equation.

EXERCISE 51
Solve by factoring :
1. 24 5x=24 9. 2?*—8x=-15
2. #—br=14 10. #—10z=11
8. '—6x=27 11. 22*—62—20=0
4, D?+Txz=—10 12. 4 —-162*=—2
5. —2*4+92=+4+20 13. 22 —282490=0
6. —2*+32=+42 14. 523+ 56524+120=0
7. #—42=5 16. Bz+2)(52—3)=0
8. —(@—Ta+12)=0 16. (*—9)(4*—16)=0
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LITERAL, FRACTIONAL, AND NEGATIVE INDICES
58. (1) a? x a® =a*?
a™ x a* = a™*t"

That is, a to m factors times g to n factors equals a
50 m + n factors.

() a®+a"=a>" or a?
adt+a?l=a%? or a3
a™ 4+ a" M = q" 2™ or g™

) a™ x a™ = a™™ or a°

a™+a™=a™"™ or a

(©)) a™ x a’ = a™* or a™
a®x1=a™ csoal=1
Ad+ad=a’
ad+at=1 soat=1

(®) If a! is the product of two equal factors, the
exponent 1 is the sum of two equal exponents, and
al=attd, .

Also, al = gtt1+1 ang a1 = gtHi+i+l

Then a? is the square root of a; al is the cube root
of a; at is the fourth root of a.

at x at=a™ or ot
124
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at is one of two equal factors that produce a®; hence,
at is the square root of ab.

at=va; at=Va; ot =Vd .

The numerator of the fractional exponent is the ex-
ponent of power, and the denominator is the index of
root.

6) at x = qttd or gb

A xa =gt of 41
at x a~t=att (=D o g0
at+a t=al= (D o ot

a tia =g (D o o

a'*-e-a"*:a"g_(—*), or a% or 1
a_1 038 — 04 38—

) iy aB=0B a"+08=14+08
a® as a factor may be discarded; a’ as a term must

be written, or 1 must be substituted for it.

®) 1 xa—2=:—:or a?

PR R

That is, the reciprocal of a quantity may be written
in the form of a whole number if the sign of the ex-
ponent of the quantity as a whole is changed, or if the
signs of the exponents of its factors are changed.

The change depends upon the law that both numera-
tor and denominator of a fraction may be multiplied
by the same number without loss or increase of value.
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1 _a®%? o or a—1~

Ex. (a). Eﬁx-ﬁ’=——a—%—o

1 2.4 38)—1 24 58)—1 _
Ex O- am E:’Iba;—' - ((‘;’ib")y or (#1440

1 (a+b8)*(a— )*l
(@+8)¥a—5)" (a+8)(a—b)" "

(9) Any fraction may be written in the form of a
whole number.

Ex. (o).

5a® _87'd3m?_5-87'a%dm? 1.3 9
St 3 gmi s gg & 0w

" (10) Any fraction may be freed from negative ex-
ponents.
at_ ath® _ a%b ]
= ap g
This process is not inversion. It does not alter the
value of the fraction.
a4 b8 x a2b3cAds _ 3cAdS + a2cAdb
ct4dd 7 a28cAdd a?h3dP + a2bict

A1) (@) =gttiti-tomtems op gim
(8 a%)2=23%at or Jat
@B a)m=38ma™
(—2z)*= — 2" if n is an odd number

(—2)"=+ z* if n is an even numker

ey shat
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Only odd powers of negative monomials have the
minus sign.

(12) (a®2=a""*? or + a8 (a®)?=da*? or + af.

Vab or Va* =4 al Vv _—af=—al
Vat=+a®.  V—ab The root is imaginary.
VPP =+42m, V=422 if mis odd.

V'—z'";—z". V—=2"=—28if mis odd. *

If the index is an odd number, the root has the same
sign as the quantity. If the index is an even number,
and the quantity is positive, the root has the sign +;
if the quantity is negative, the root is imaginary. No
negative number is the product of an even number of
negative factors.

§59. HIGHEST COMMON FACTOR AND LOWEST COMMON
MULTIPLE

Ezample. Find the H. C. F. of the entire numbers,

4241424+ 202% 4+ 7022
and 827 + 282 —8a° —12a* + 56 2®
or of 2024+ T2* 4102+ 35)
and 4320t + 70 — 20— 32+ 14)
28+ 72 +1024+35)22' + Ta*— 22— 3z+14 (2
2004+ 78 +1002+ 352

—2)—1222—38x 414
6224192 — 7
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62'+192—7)22°+ T2+ 102436 (= +1
3
62+ 212+ 3024106
62 +1922— Tz
2224 37z 4105
3
62+ 11124315
62+ 192— 7

46)92x 4 322
224+ T

224+7)62'+192—-7(32z—1
62*+21x
- 227
— 22—-T
0

H.C.F. of 22* and 42® is 22®. H.C.F. of given numbers,
282 2x+ 7).

In finding the H. C.F. of two algebraic expressions :

(1) The given numbers are arranged according to the
powers of z, beginning with the highest power.

(2) The highest monomial factor is removed from each
of the given numbers. '

(8) Any dividend may be multiplied by a number which
i8 not a factor of the corresponding divisor.

(4) Any remainder may be divided by a number which
is not a factor of the preceding divisor.

(5) The highest common factor of the monomial factors
removed from the given numbers, times the last divisor; is
the H. C. F. of the given numbers.*
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EXERCISE 52
Find the indicated products; then find the H.C. F. of
the products: . ,
1. 22—5)(3xz+1) =7?

@z—-5)(9s*—32—-1)="?

2. a(Za+b)(a—2b)="7?

- aa+b)(a+3d)="?

3. @—2)Qz+z+4) =?
cx—2)Br*—a+2)="2?

4. m2m'—mn+nH)Bm—2n)="7?
n@Zm—mn+nf)(m+3n) =?

6. 2a(@®—2x+4)(x+6) =?
4a*(@®—22+4) (P +2—2) =?

EXERCISE IN CONSTRUCTION

Construct exercises in H. C. F., taking exercises 1-5 as
guides. The factors should have the same letter of arrange-
ment in the same order of its powers.

‘ EXERCISE 53

Find the H.C. F. of the following numbers:
B4+ —-2, ¥4+20°—3
278 —5n'—5n+8, n*—4n+43
26°4+5b6—3, 208+ —5b+2
mE4+4mt—4m—16, 2m*—5m42
3a?* 4+ 3 a’b®* — 6 a’, 6ab®+ 12 ab*—18 ab?
3 —Tn 4+4A4—4, 2n*—3n34+2n—8

K

® o R WP
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60. If one of two numbers is divided by their
H.C. F., and the quotient is multiplied by the other
of the two given numbers, the product will be their
Lowest Common Multiple.

Exercises 1-5, § 569, furnish suggestions for the con-
struction of exercises in L. C. M.

61. SQUARE ROOT
@+y)=2+22-y+y-y, or 2'+(22+y)y
(=+4)="+2x-44+4-4, or 2+ (22+4)4

The two forms of the trinomial square suggest the method
of finding the square root of a polynomial.

Ex. A. z’+8z+16|z+4 Root
xﬁ
Trial divisor, 2z |+ 8z + 16 8z+2zx=4
Complete divisor, 224 4|+8x+16 2z +4)4
0
Ex. B. : n’—16n+64'|n-—8 Root
nd
Trial divisor, 2n|—16n + 64 —~16n+-2n=-8
Complete divisor, 2n—8(—16a 4 64 (2n—-8)x—8
0
Ez. C. 16::‘—24x8b+26:c’b’—12zb3+4b4|4z’—3xb+2 b2
16 ¢
Trial div., 822 | —24 230 + 25 23b?
Comp. div., 822—3xb|—2423b+ 923b3
Trial div., 82 —6xb |+ 162363 —12 21844 bt

Comp. div., 823—62b+2 b2 |+ 1623b3 12 2b8+ 4 bt
* o
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EXERCISE 54

62. Simplify the complex and continued fractions:

Ex. (a). 1
z 4
zT4=
1 241 1 z z o422
Tt =" + =7+ *tEyriT a1
1 241
?+2z P+2¢2
©£+1
a
Ex. (b). at?
a———-
a+2_a:1

_a+1_a'+a-1
a+2 = a

a+2 — a*+2a
ad4+a—1 a'+a-1
a

a+2a — a®—3a
d¢+a—1 a+a—1

a _Mw+a—b(n¢+a—1 i
a(@=38) a(@-3) °’ a®—3 |
ad+a—-1 ‘
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XII. Progressions

63. A series is a succession of numbers formed ac-
cording to a law; the numbers are called the terms of
the series; and if they increase or decrease by a com-
mon difference, they are in arithmetical progression.

The series 3, 5, 7, 9, 11, 13, 15 is a progression from 3 by
the continued addition of 2. It might be written 3, 3 + 2,
3+2+2 3+2+2+2, ., or in the form 3, 3+ (2),
34+2(2),34+3(2),3+4(2),3+5(2),3+6(2).

Let a represent 3, d represent 2, ! represent 15. Then
the series could be written a, a +d, a+2d,a+3d, a +4d,
a+5d,a+46d.

TEST R

1. From which term is the common difference absent ?
2. How many times the c. d. in the 4th term ?

3. In any term the coefficient of d is how many units
less than the number of the term ?

4. Substitute the symbols in 34 6(2). Is there any
letter for 6 ? The coefficient 6 is how many less than the
number of the term ? What represents the number of the
term ? What then will represent 6 ? What will represent
the coefficient of d in the last term of any series ?

5. Take the series 15, 15+ (—2), 154 2(— 2),
15+ 3(—2), 15+4(—2), 154+5(—2), 15+6(—2). In
this series whatisa? d? I? n?

133



134 Algebra

6. If (n—1) is the coefficient of d in the last term,
what, by the same method of representation, is the coeffi-
cient of d in next to the last term ? In the second term ?
In the first term ? 'What is its value in the first term ?

7. If I may always be represented by a + (» — 1) d, what
is the last term in a series whose a =2, d =3, and n=6.

8. What is the formula for the 5th term in any A. P.?

9. What is the 9th term of the given series beginning
3, b, :--? What is the nth term in any series ?

10. If two successive terms in an A.P. are 25 and 29,
what is the common difference? If the successive terms
are 2and —4? Oand —a? .3and.5? }and §?

11. Given a, a4d, a+2d, a+3d, --.. Add the first
and third terms and divide their sum by 2. What term is
the quotient like? Add the 2d and 4th terms and divide
by 2. If half the sum of two successive odd terms is taken,
what is produced ? Half the sum of two successive even
terms ?

12. Find the mean or middle term, if the 1st and 3d
terms are 15 and 7; 2 and —10; 7 and —1; a—d and
a+3d; 2a—b and 6a—5b.

13. If the first term is 2 and the last is 23, what part
of the last term is made up by additions of common differ-
ence ? If there are 8 terms in all, why divide this part of

23 by 7 in order to find what the common difference is?
‘What does n — 1 stand for, if the last term is

2+3+3+3+3+3+3+3?

14. Solve the equation a + (n —1)d =1, and find a; find
n; find d.
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64. If the number of terms is unknown, the representa-
tion must be incomplete; as,

a,a+d at+2d, .1
Reversing the series it may be written,

Li—-d,1—2d, «--a
The sum of the terms =a+ (a +d)+ (u+2d)+ -+
The sum of the terms =14+ ( —d)+ ((—2d) + -+ a
Adding these two sums,

28=(@+?)+(a+1?) + - ton terms

or, 2S=n(a+z);S=g(a+z)
Take S= 3+64+74+9+11
and S=11+9+7+5+3

28=14+14+14 + 14+ 14; S=§(14)

By solving the equation, =g(a+l), a, l, and » may

be found, each in terms of the other three letters. Also,
@ 4 (n —1)d may be substituted for / in the formula for S.

EXERCISE 56

1. a4+2d=2302and a + 5d=48. Eliminate a and find
d. Eliminate d and find a. Write the series if a4+ 5d is
the nth term.

2. The 3d term of a series is 25; the 6th term is 40.
‘What is the series ?

3. The first term is 6; the common difference is 2; the
number of terms is 8. What is the last term ?

4. The last term is 22; the common difference is 2; the
number of terms is 9. What is the first term ?
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5. The number of terms is 7; the first term is 5; the
last term is 23. What is the common difference ?

6. The common difference is 7; the last term is 36;
the first term is 1. What is the number of terms ?

7. What is the sum of the series when a=_5, n =19,
and I =T7?
8. What is the last term when a=12, n =7, and
8§=147? :
9. What is the first term when /=28, n =8, § =140?
10. Whatis S whena=3,d=2,n=8?

11. Whatis S whena =16,d=—3, n=6?

65. A series of numbers is in geometric progression if
the quotients are the same when each term, beginning
with the second, is divided by its predecessor.

The series 3, 6,12, 24, 48 is a progression from 3 pro-
duced by the continued multiplying by 2. The series might
be written

3,3(2,3@202,3@0@2,3@3
or, 3,3.23-2,3.2% 3.2

Let a represent 3 and r represent 2. Then the series
could be written a, ar, ar®, ar’, art.

The exponent of the quotient, or ratio, in any term is one
less than the number of the term; hence, ! = ar*.

arm1=1 (1) a=7%i @) r““=£ ®) r;'([lz @)

48 448

From the given series, a = 2 T=\3
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The square root of the product of the first and third of
three consecutive terms in G.P. will give the geometric
mean ; the square root of the product of the first and last
of any odd number of consecutive terms in G.P. will give
the geometric mean.

S=a+ar+ar 4. +ar? [arlor])

Multiply this sum by 7, and from the product subtract

the sum.
rS=ar+a+ar+ - +ar* '+ ar* [ar or Ir]

S=a +ar +ar*+ar*+ .- 4 ar*?

rS—8=ar—a [ar —a or Ir —a]

(r—1)8S=arr—aor (r—1)S=lr—a

art—a o lr—a
= S:
S p—] or 1

Ezample A. Find the sum in the series 3, 6, 12, 24, 48.

. 3.3 _48.2-3
=—_-1 " 8=

Ezample B. The 6th term of a series' is 96; the 4th
term is 24. Find the ratio.
a*=96 (1) r?=4 ®
ar*=24 (2) r=+2 (4
Example C. The 6th term of a series is 20; the 10th
term is 320. Find the first term.
ar’=320 (1) The number of terms is 10, the

arf= 20 (2) last term is 320. I=ar*!
= 16 (3) a X + 2° =320 5)
r=+2 4 a=tx3$4jor +§ (6)
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EXERCISE 66
1. Findl a=2, r=3, n=0>5.
2. Findr. a=4, 1=8 n=5.
8. Finda. 1=81, r=3, n=05.
4, The first term is 7, the third is 28. Find the second

term.

5. The first term is 2, the seventh is 128. Find the
mean.

6. The fourth term is 8; the eighth term is 128. Find
7, a, and the 9th term.

7. The first term is 1; the third term is 4. Find the
mean, the ratio, and the sum of five terms.

8. Find the sum of 2, 4, 8, --- to seven terms.

9. How much could be saved in ten days by saving one
cent the first day, two cents the second day, and so on ?

10. Find the sum of six terms of the series 64, 32, 16, ...

11. Find the seventh term of the series 5, 10, 20, ..-.

12. Find the ratio if the first term is 2 and the third
is 72.

13. What is the sixth term of the series 4, §, §, «+ ?

66. A decreasing geometric series with an unlimited
number of terms is called an infinite series. The series
is unending since each term after the first is a fixed
part of the preceding term.

The last term approaches 0 as its limit.

If the limit 0 is substituted in the formula for &8, for
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the symbol of the last term, the formula for the limit
of the sum of the infinite series is obtained.

" —a a—art
8§=2 or .
r—1 1—7r

- a—0 a
I/mutS—-'l_r or 1,

Given, the unending series, 2, %, 4, 2%, ***

Since 8 is obtained for the sum of the series when
2 is not diminished, 3 must be greater than a sum
obtained when 2 is dimigished by the last term, how-
ever small that term may be. Hence 3 is not the exact
sum of the series, but it is the limit of the sum; that
is, if it were possible for the last term to reach its limit
the sum of the series would be 3.

EXERCISE 57

Each of the exercises which follow gives three terms of
a decreasing geometric’ progression in which the ratio is less
than 1 and the number of terms is infinite. The last term
approaches 0.

The sum approaches what number ?

1. 8, 4,2 6. § —1, § -
2. 8,1, 3, - T h — 1
.1, -4 +4 - 8.1, —4 % -

4. 3§ P 9. .3, .03, .003, ...
8. 6, 5 the - 10, 10, —6, 38, -
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Bxercise 1, pages 68-8 °

141

81, 10023 420an

0. 14. 4a2—-8a.
8234+ 6x+42y+8y2—8y. 1. —bn—8cp+3cem.
10ax + 7 ab + 3 a% + 27, 16. a? 4 b3,
—422 4+ T2 -1, 17. —4(a+d)z—a(x+y)
4d—2c+56b+82—2y. + 4 by,
9al—ct+c2—c, 18. 2at + 12 a2b? + 2 b,
by + 22(m + n). 19. 322 —-222— 92+ 8.
a(m+ n)2—6c¢c(z—y)? 20. 308 + 3 ab?+4a®+ 14a2b.
—n(a —b). 81, 8442t —32%— 2022418,
16z —6y—38z. 22, 25 — 6 zty + 10 28212 %2
. 16m —11n. + 6 xyt — o5,
Szy—22y3 4+ 222+ 4yz 23. 12a2-6ab+T7b2+10a— 8.
— 3y, 9. 0.
16 ax + 3 bx — 8 cz. 85. a®—at4+6a2—5a 2.
. §14. Exercise 2, page 11
+ at. 8. + 8a?ct. 15, — 11 afa0,
+ b8, 9. + 2 adbht, 16. + 8 a%b¥es.
+, 10. 4 156 a%3, 17. + a®b%xy.
—ad, 11, 4 28 ax®y?. 18, — 10 adady3.
+ at. 13, — 14 a%b*. 19. + 72 a*db.
—as, 18, — 2428z, 20, — 36 a'bic.
— a’bt. 14, 47250,
Exercise 3, page 14
b —2bd + a3 11. %% + 2 ok + o8,
mi4+6m+9. 18, 22 —2zz 4 22,
¢+ 10 ¢ 4 25. 13. a?m? + 6am 4 9.
1—-2a+ a3 14, a?? + 2 abed + c3d2.
2442+ 4. 15. 22 — 22y + 92
4284+ day + 92 16. m2+ 2mn + n3,
25 —30 4 9. 17. 3 —2cz + 2%
. 9a'+12ab + 4 02 18. 9 -6 z + 22,
n?—2an + a 19. a®+ 2ad + a3
. 824+ 6849, 20. 100 a2 + 20 an + n3,

+ a%
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Exercise 5, page 16
PB4y L2222y + 222 —2y2.
. a2+ d*+ 2 —-2ad—-2ac+ 2cd.
mi4+ nd+4c?4-2mn 4+ 2me 4+ 2cn.
V4B +20l+2bk+21k.
P+¢®+18+2pg—8p—8q.
. 26+ 22402 —10¢t —10v + 2 ¢o.

.

X LN N

§21. Hxercise 15, page 23

1. m—nd, 4 S41. 1. 2848, 9. 25—
2. md 4 nd. 5. 27 —«z8. 8. 2% —8. 10. 28 4 P,
3. -1 6. 27 42t

§ 24. Exercise 21, page 27

1, 11xs . 8. 6 m2ys. 5. Syt
8. bab. -4, 4a2c%d. 8. 13 d%.
" §24. Exercise 23, pages 28, 20
1. y®(x-38). - 6. z-38. 1. 2+ 2.
8 abc—1. 7. a%(a+ 7). 18 z+4.
8. 3u(x—8). 8. 9(a*+ab+0?). 13 22—z 41.
4 a+1. . 9. 9(at + b%). 14. 6(a+ b —c).
5. 3(x+y). 10. 3e(m*—mé+1). 15, 2% +-ax 4 b,
' 18. 2a?—b. :

§ 26. Exercise 24, page 30

1. 2520 x%y28. : : 7. (1—-=z)4 :

8. 1056 c®d3xS. ' 8. 204(z12—1), °

8. 16(a + 2)3(a + 8)(a + 4). 9. 105 b3(a® — b3).
"4, (a®—4)%a + 3). ) 10. 90(z + 8)(xz — 3)(x = 4).
5. (a—1)(a+2)(a—38). 11, 81(xt + a%3 + at).

6. (a=4)(a+5)(a—6).

~ §26. Exercise 25, page 31

1. —56m? —~10mn — 6 nl 7. —114+383z+11y~11z.
2 —8a%+8a%+3a. ) 8. —at—c?—4+42a%+4a2—4c.
8. 3a*h — 8 adb — 3a%. 9. 2a—-3b+4ec

4. 7a%—21a2b+21 ab?—7 b3, 10. 2a—-2b—2c¢. .

5. 6a2— 602 1. —a2+b2+3%+8y.

6. —at+4—m. . : 13. —6a2—10ab —60%2+ 1.
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§ 26. Hxercise 26, pages 31, 32

(a+0)2—4. 8. (a+ bt
a—b' -9 7. (z+y)a?-— (x+v)x—(x+v)v
(a+0)3—(c+d)2 8. 16 —(2z— 38)2
(m+n)z+(m+n)(y+2). 8. (p+9) -
-b+c. 10. 18 a®c®(mt — nt).
§ 28. Hxeroise 28, page 36
—ax+2ad 6. 222—10x +9.
10am + 10a — 3 bc — 11. 7. —8azP+ 2% —2mp3,
Sx8 442 4 16, 8. —6a2+4a-09. )
—~bxy—bxz+ 23 + ya. 9. —2mn —32xy+ 13 be.
Ta3—6adb + b3, 10. 322 - 11y 4 32.
§ 20, Hxercise 29, page 37
1—-(8ay —162% — 13 ). 6. —22-2)2—(—-823—-¢+11).
13— (10zy — 162%3 + 5). 7. 8ax —(ay — 6 bx — by?).
a+2b—(8c—4d—m). 8. 4a%%—( — be — bx — b%).
z—-8y—(—22+1r—8). 9. 9zz —(y22 + a2rd — yr).

. 14a+16b—(—8c+d—m). 10. 7a®— (a2b — ab?+ bb),

§ 20. Exercise 30, pages 37, 38

. @=(@+d). B @+ +). 8. (a+3b)(6-42).
(a + b)(c+ d). 8. (a—y)(ad+y?). 10. (a—11)(Ty—112).
(z—y)(z-—1r). 7. (c—=b)(b—a). 11 (2¢c-T7d)(ba+38D).

. (a—0d)(a2+b%). 8 (x+y)(2xz—2). 18. (2a—38b)(Ba+4c).

§ 81. Bxercise 323, pages 39, 40
+ T a%3. 6. — dicnt. - 11. +4qd%—6a2.

. — 8 a%bch. 7. + 4238 18. — 6mn? + 6mn.
+ 2 bcids. 8. —6b+ac. 18. + ba%xty + 4 ax?z.
— b mgt. 9. —3zy? 4 2282, 14. +2a%y + a%lz.
+ 9 abcbn. 10. +11m242ct

§ 82. Exercise 33, pages 41, 42
2:\:1/-{-;0a 149 gpd 4 dmnd—2nt
y—l 7. mv +2mn+3n +_‘————-m’~-—2mn+n2

. a?+ ab + b2 8 0rt—822+1— 2

B4 22y 498 g SA+1

. at — a3b® 4 bt 8c2+4c+38
e 2——— 2T ""T° . 10. 2t442%48.
. at + b 8c3+4c2+2c+1 téo+

11, 28'+ aby + 24y + 2By + 2% + 2yt + 9.
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§32. Exercise 34, page 42

at 4 4. 8. 1—-8x—42 15 28 —23+42—1.
2a—380b. 9. 1—-8x+4 723 16. 2722+ 18y3. Rem.,
22+ 5% + 6. 10. 22 — 3z + 10. + 20 1,

224+ 42+ 6. 11. a2 — adb + b3, 17, a-b.

—8ab+5b% 18. a®—4a+ 5. 18. 1643 —8abd?. Rem.,
2a%+a—4. 18. 323422+ 4. 8 abt + b5,
—b5a3+3ab—0% 14. 22+ bxy+ 43 19, a?—a + 1.

2. a+b—c
§ 40. Bxeroise 36, pages 62, 63
1 9 a? b 8
" 124F 1248 1240
2. b(b+z) bz b z(b + )

—B P2 Pt b—23

s c(c+b)(o’+ b%) be(dt +b%) B(ct - b’) b(e —b)(? + %)
. — cA—bt ' A ¢t — bt

I 1) (a+1)(a?—1) S(a—l)(a‘ 1) 4(a=1)* z(a+1)?

(@a-1)T  (a2-1)2 ' (a3-1) '’ (#-1)¥ (a*~1)
5, b2 B0 b(@A4br+d?)
P R T z8 — b®

§ 40. Exercise 37, page 63

z+y g ¢—85. 14 1 .
1 2y c+7 73 — b2
s 4. 9. o+8 T
zT—y c—17 r—a
g F—ax+al 10, 8+12 16, 32%.
) z—a a+9 z—0b
g dx+a) 11, —%+n . qq 243
6(x —a) 23 + nx + n? z—6
ba(ax—3 2341 422 —Cxy+9y3
. 2 ax ‘ 12. z‘+z’+l. 13. 2z + 3y '
z+2 R .
6. o 18. g 19. Prime .numbers.
1. a—1, g0, B+ b8

a+3 T et -t
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§ 40. Hxercise 38, page 64
Sm(a+bd) 16a’cm(a+d) 12m(a + b)? 1
Sm(a?— %)’ 3Sm(a®5- %) ' 8m(a®— b3)’ Sm(a®—b3)
Dborly(x® —y®) bla+b)(x—y) Se(x+y)?
b@—y)(z+ ) dE—y)(@+y)® b —y)(z+y)*
(a% 4 ab + b)) (a+b)? 2(a—b)(a+b)? 5a(a+d?)

—
.

3 (a +b)® ’ @+bd8 ' (a+b)3
4 (m—n)(m2—n%) m4+n 8(a+b(m—n)
m? — nd ' m?2—n? m3 — nd
5. 162 , 3 5 ab%(at + b%)
16 z(at + b*)’ 16z(at + b%)’ 16 z(a* + bt)
6. a+3 a+3 a+2

(@+2)(@+3) (a+2)(a+3) (a+2)(a+38)
a(a® —b%) adb(a®+4ab +b?) b3(a—0b)

* b(a® - b®)’ b(a’—b®) ' b(a®—bd)

] 15a(c — d)(d — a)
16a(a—b)(d —c)(¢c — d)(d—a)’

16 a(a = b)(b—¢) (a—=b)(b—c)(c—ad)(d—a)
16a(a —b)(db—c)(c—ad)(d—a)' 16a(a—b)(d—c)(c— d)(d— a)
9. ‘18 16 — 2 2440
2(18 — b2)’ 2(16 — b3)’ 2(16 — b2)
10, ‘a—3z 1 a—22

" al—bar+06z? a®—bax+62Y a*—bazx + 623

§ 41. Exercise 39, page 67

1. 426y . " n—2n ". 13a
b ° nt—9 a? — x?
3d—c 10z —a 1
8. = 5. = 8. P
g 4a-—-1 6. 32a+ 81" 9. 2(a?+ 1)
1—a? 36 a3 —1
2
10, a+b0+2 19, 3+ 1122
(a+0)? x4 —ct
1 n3(z + 2) — mn(z — 2) 13 1128 — 1822 —-272 — 16
’ 22 — 22 ’ 80 28
1q B +322 185 8ab 18, ¥ — 3

2 ax Cai—4b T xS
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1+2?—82%— o8 20 a+2x—1—3(2f —ax+a?)
1. 1—2a8 . ’ ad+ 28
18 2+a2+ab+b2+3(a—b) 91, 8b+2 . .
) at — b® o (b-2)(0*-1)
19 4—27 23. 0. . 2(a+b)
CH—1 2. 1. (@—c)(b—c)
_zt+ez __z—-6 . L.
v+z " (@=1)(z-3) acz
28. (@ =)+ (= + ) (2 — YD)+ 22 (2t + y*) (22 + y?)
8 —y8
§ 42, Exercise 40, page 70
1, ba*+82a+12 g Ttz—zy—-8y—1
’ 5 -3y
3 2 4ay+y? 4 1 5 7Ta%—2 20t 482342
" xz+4a ‘1-a " 2a-—1 x4+l
" 222 — 6y + 1333 8. 2a®—10agx — 323,
' 8x—2y 4a+3z
9 26z — 112y — 16y + 492 10. 2a°+38a,
’ bx—8y a?—a+1 |
8 _—8at—3a2—4 11z —-ba a®
1. & 18, %04, 18. .
1 at+1 4 a4z
14, 4a®—2a%+2 15. 162y—n®+n2+n+1
3 Say
8mi(1—m)—(a—b)? ,, 8a’+3a—m'—2am? o (a+b8)*—1
16. Tom 1. 3a Y

§ 43. Exercise 41, page 71

1. 8. g 8(a-1) 3. am(a—1b). 4 2=
l1+a a+1 ad+ b
(2t + at)(2® + za + a?) g mtn 8(x? —a).
5. B2 + o) - = 7. 3(x?—a?)
8 3atd) g sams 10 3F¥D=c—d 4 34pa—b).
a—> at — b3
12. 8. 13, —am—8 L et+2 L 9+8z+4 23
a*m? — 6 am " a—2 15 33
8a(x + 2) 17 1 18. 26(a+b—c) 19 abc+ 1

(z+7)(x-2) ‘a—6 3 " abc—38
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§ 46

a? — b?)2
" 9c2(a? + b2)?

121 a%b%c2, 1. abe(d — a). 2. 11— 9a';’. 2. z.
Ba4d . gy a@rabrd) gy o
b a+b
Y(@+d), 28. 287 + 35+ 24. 2. — %,
2al . mn
6 b3 60223 — 72 +8) 2
-2, 31. . 32 -.
a—>b Tx+1) y
§ 44, Exercise 42, page 74
a—2 ' ar . a8
a—4 . 2a—1 o a—3
22 + nz + 02 g aatd), 10. ¢—2,
22— nx 4+ nd a+1 c+1
Ta-—1 1 x—1
ae=_ . . . 1. "—.
2(2a—1) T Ea a+2
4a+38b, 8. ax(z—1) 18, —_ctae |
a+2 z—-1 . 3(c3+c+1)
z+b . 15. B =0,
23 + b3 Toen
(a+3)(a*—a+1) 16, ®—2a+4
(a=8)(@®+a+1) T a-2
§ 46. EBExercise 43, page 76
acx + be, 3. 1 . 5. a—1
acx — bx b—a a-—1
z—1 g c—ab?—be? g atb
z+38 ab—bec —ac a—-b
1 9a3— at
= 10. ¢c—1. 18. 2a—1
2}z —8) 1. a® + ab? 14. b+ ¢
2—z b4 — ab? b2 + c?
8a—n_ 12 92460 15 mn® + min_
22—8n " 168+ 1022 "ot —md

16. (a — b) (a2 + ¢?).

. Bxercise 44, page 78

2 2y2
9. %)_. 10. (a* + b%)®.
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Exercise 45, pages 79, 80
8 11-2% 18. 16 zt — 32 a3%® 4 24 gqi23.
: c . — 8a’z + at.
1. 1.1,2 . 2. 2 19. a8 — 12 a® + b4 ath?
8 atntatatetie — 108 a?® + 81 bt.
3 s 1 20. 148x+242243228+ 1624,
0 oyt 91, 2t— 4z°y=+ex4y;—4zzyo+ys.
3
4,6 4 .1 g9, 82 z%y+°’°” -2y
L = o1 64
at a'b a%b? ab® bt 2 32 8x
15. 8a% + 84 4% + 204 ¢ + 343. B gr L
16." 8 a%3 — 12 a%c% + 6 qacx? — 23. % a_‘_2a‘x+a_’z’_gg+_x4__
17. atz® — 6 atcx?+12 a%c2c—8 c8. 81 27 6 ¢ 16
§ 47. Miscellaneous Exercises, pages 82-88
g 2 . ¥ . 22 .
"BoA y-2t G-m)E-
6 xz2_yn 10 3_1¥=62z-2 4 2a'+84%42
283422 —x—2 at+a+1
3n+2 8 27
18, ——— T~ . 13. .
(n—-2)(nt-1) at — 8
16. 22— 628 + 1825 — bd 7 + 10220
1+322
18 i_1+_3_l 22 —156—11m.
2y = 24 28. 998 + 179 22 + 53 cents.
19. bc—4d—(bb+38c—2d).
2 352 U br—3a=5bx—3a.
" 3a—2ab 95. 8 a% dollars.
2 mix
83. 21342 ——. 84 —_MT_ |
* r+1 (a — b)?*
8. 1+z+ 22428+ ... 36. m12 — nl2 4+ 2 2t
87. (1) x%? + y%2% + %22 + 2 xy%2 + 2 2%z + 2 2y2?;
@) 2+ 22y +y2; (8) a®+ 10a + 26.
88, T+¥ o Y
-y z+y
40. 0. 4. 2P
a
48. [(a% + bx)—(ax + ab)][(a® + bz) + (ax + ab)].
50. —4dxy — 4xz. 5. c=1"1.
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Answers 149
6 c+ad a—n am+n
210 MOR*., ry e1. mil mal
(96) 4. (98 _ _\%_qg. m+n m—n,
= x‘.(x z)_19.1. 78, BAn, Mo
§ 48. Problems, pages 89-94
b plants. 21. 156 papers.
18 volumes. 22. 14 minutes.
7 canoes. 23. 6 days.
100 lanterns. 24. $800, $1000, spent.
6 passengers. 28. 4 were poor,
1787, the date. 26. 28 maps.
8 years. 87. 65 cents.
1671, the date. 28. 1}, 83, numbers,
$ 120. 29. 13§ units.
18 boys. be
33, 65, 86, fish. 80. 5 hours.
80, 81, numbers. 81. 50 sheep.
6 given away. 83. 13, the fraction.
$700, 81400, 82800, shares. g3 _ 7P —¢ o fraction.
82 miles an hour. m(np — q)
4 oranges, } cent. 84. 186 gallons.
18, 7; m+n, m—n, 85. 3 feet, 14 feet.
2 2 36, AT g 2 mnr rods.
10 men, 15 men; m—n 33(m — n)
qr pr . 87. 16 ft., 19 ft.
p—¢ p—gq 88. 8 half-dollars, 10 quarter-
17 girls. dollars,
98 windows. '

§ 61. Problems Leading to Simultaneous Equations,
pages 100-103

56 years, 21 years, the ages. 9.
. 1%, the fraction. 10.
T, the fraction. 11.
42, the number. 12.
12, the number. 18.
66, 37, the numbers. 14.
7 hours, 8 hours. 15.
1} cents, 2 cents. 16.

9, 18, exercises.

106 trout, 2 perch.

25 cents, 50 cents.

$, the fraction.

3 days.

A, 6 days; B, 12 days.
A, 42 days; B, 28 days.
C, 6 days ; B, 4 days.
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17.
18.
18.

21,

@ »

-
Cowr

§ 56.
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Answers
70 yards, 50 yards. 22, 21, 23, ..., 89.
12, '14, the numbers. 238. 85 and 84.
Each, 6 days. 24. 44 and 33.
c, v ; D, o, 25. 10, 22, 14, the number of
v—p+g p—q notes.
24 and 86. '
§ 62. Page 107
767, the number. 2 Ab6;B,4;C,6.

8. 83} cents; 75 cents; $1.

§ 66. Bxercise 49, page 119

5, —1 4 5,1 7. 4,0 . 10. 4, -3
6, 4 5. 6, —8 8. 113, 0 11, 8, -1
5, — 3¢ 6. 10, — 29 9. 2, — b} " 18, 2, —16
13. 5, — 1} 14. 66, — 30

§ 66. Exercise 50, pages 119, 130
9, —8 8 6, -3¢ 5. 8, —% 7. 4, -6
20, — 11 4 3 —4 6 § -3 8 1, -3}
11, 0 11. 4, -2 18. 38, —2 15. —2a, —-3a
2,1 12. 8,2 14. 5, -1 16. 2p, —-3p

17. atd
Problems Leading to Quadratic Equations, pages 120-122
16 barrels. 11. 6 miles an hour.
80 min., 20 min. 12. 86, — 15, the numbers,’
382 senators. 18. 543, the number..
8 from Penn. 14. 3}, the fraction.
7 from Va. 15. 24 furlongs an hour.
252 thousands. 16. $600, the salary.
12 letters. . 17. 1822, the date.
15 millions. - 18. 14 colleges.
1 of a dollar. 19. 195 pounds.
25 stars.
§ 67. Hxercise 51, page 123

z=-38,3, 8. z=2,1. 1. 2=6, - 2.
z=1T, —2. 7. =56, — 1. 12. z=4, —§.
=9, —8. 8 z=4,3. 18. =9, b.
r=—05 —2. 9. x=5, 3. 14 z=-8, —-38.
z =25, 4. 10. z=11, - 1. 15 z=-4, §..

16. 2 =48 +2.
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Answers 151

§ 60. Exercise 63, page 129

b-1. 8. 2b-1. 5. 8ab(d-1).
n—1. 4. m-—2 8. n-—2.
§ 62. Exercise 54, page 132
a. 5. bd 4 dnx
4 an + cd + cnz
3(b+1) 6 1—n
ad—at+a+1 7 a8—6a2+10a—8
2a8—a%+1 ‘@ -T7a2+12a-8
@—2a+1 g (@B+¥)—(a—0)
2¢-1 ' a®—ab+ b3
n‘+n’+n. ) 1L (x+y+2)3
n? 41 : 2yz
8 bed — be — bd — ed 12 a?+a?
be+bdd+cd (a +2)?
§ 64. Exercise 55, page 136
a=18; d=86. 5. d=3. 9. a=1.
a=19; d=38. 8. n=06. 10. s = 80.
1=20. 7. 8=1779. 11. s =561.
a=86. 8. 1= 380.
§ 66. Hxercise 56, page 138
1=162. 5. ars=4+16. 9. 8=1023.
r=42. 8. 256. 10. s =126.
a=1 7. s=3)4, or —§4. 11. ar® = 820,
ar=4 14. 8. 8= 2b64. 18. r=486.
13. ars = A%
§ 66, Hxercise 67, page 139
16. 5. 6%. 7. 43 9 3

3 1
9. 4 4 8 §4 8. 1. 10. 6}.


















